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ABSTRACT

Video stabilization enhances video quality by stabilizing un-
stable motion. This paper proposes a new video stabilization
method that simultaneously factors and smooths motion tra-
jectories. We model the trajectories with a time-variant local
subspace constraint. Every column of the trajectory matrix is
factored and smoothed in separate local subspace. This model
makes our method more flexible and accurate than subspace
video stabilization. In addition, we design a novel outlier de-
tection technique that utilizes the relationship between con-
secutive local subspaces. Experiments on synthetic data vali-
date the numerical performance of our factorization. Quanti-
tative comparisons on real videos show that our local method
is better than subspace video stabilization. Moreover, our sta-
bilized videos are comparable with the public results from
some other state-of-the-art methods.

Index Terms— Video stabilization, Matrix factorization,
Local subspace constraint

1. INTRODUCTION

Taking satisfactory video sequences with hand-held devices
is difficult for amateur recorders. One of the main differ-
ences between videos shot by the professional and the non-
professional is camera motion. In film industry and other
professional fields, cameramen use dollies or steadicams to
get stable motion. These hardware solutions are impractical
for ordinary users, so video stabilization softwares are usually
used in post processing stage.

Previous video stabilization methods first estimate and
smooth 2D camera motion [11, 6, 4] or 3D camera motion
[7, 14], then synthesize a stabilized video using the correspon-
dence between raw and smoothed motion. The 2D methods
model camera motion between consecutive frames as affine
transformation or homography. Generally, 2D methods are
faster and more robust than 3D methods. However, they of-
ten fail in scenes with large parallax for lack of model flex-
ibility. In contrast, the 3D methods can handle parallax and
produce visual plausible results, but they are rarely used in
commercial softwares because they are unreliable under vari-
ous conditions such as motion blur, large moving object, cam-

era zoom and rolling shutter. Furthermore, the computational
complexity of recovering 3D information is unacceptable. As
reported in [7], structure-from-motion with Voodoo Tracker !
takes several hours for a short video.

Recently, both 2D and 3D methods have been greatly
improved. In [10], S. Liu et al. proposed bundled camera
paths, which are more flexible than a single global camera
path. They stabilize estimated camera paths using space-time
optimization and warp frames with spatially-variant homo-
graphies. Wang et al. [I13] represent each trajectory as a
Bézier curve. They formulate video stabilization as a spatial-
temporal optimization problem that finds smooth trajectories
as well as preserves offsets of neighboring curves. Gold-
stein and Fattal [3] avoid 3D reconstruction by using ‘epipolar
transfer’ to construct and smooth virtual trajectories.

In this paper, we focus on subspace video stabilization
[8], where Liu et al. adopt a low-rank subspace constraint
to motion trajectories. They smooth the trajectories using a
global subspace constraint rather than filter each trajectory
separately. Their method was later extended to stereoscopic
video stabilization in [9]. However, Liu et al.’s model is over-
strict because in a video captured by a perspective camera,
motion trajectories lie on a non-linear manifold but not a lin-
ear subspace [2], and this manifold can be approximated as
linear subspace only locally [5]. Motivated by this fact, we
novelly smooth the columns of a trajectory matrix in different
local subspaces. Compared with subspace video stabilization,
our local method is more flexible and accurate. In our exper-
iments, it has also generated results comparable with some
other state-of-the-art methods.

2. SUBSPACE VIDEO STABILIZATION

For a better understanding of the basic concept, we first re-
visit subspace video stabilization in this section. Most video
stabilization methods track a set of feature points through a
video in the first step. In subspace video stabilization [8], the
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Fig. 1. A typical trajectory matrix from real video. About
84% data in this matrix are missing. Blue: tracked trajecto-
ries. Green: extended segments by the radius of filter kernel.
Red: low-pass filter window frames with radius of k. Blank
area: missing data.

trajectories of these points are assembled into a matrix M:
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where ¢ is the number of the trajectories tracked across f
frames, x;; is the i-th trajectory’s position in the j-th frame.
As shown in Fig 1, M is highly incomplete because trajecto-
ries will appear and disappear in a video. Liu et al. model this
matrix using a rank 7 subspace constraint:
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where W is a binary mask with O for missing data, 1 for exist-
ing data, and ® indicates the element-wise multiplication. Liu
et al. call the r row vectors of E eigen-trajectories, they are
the basis vectors that can be linearly combined to form a 2D
motion trajectory. The coefficient matrix C represents each
observed trajectory as such a linear combination. A stable
trajectory matrix M is then obtained by adopting a gaussian
kernel K to E:

M=Wo (CE)K=WoCEK)=WoCE, @3)

and a stabilized video is synthesized by content-preserving
warps [7] with the guidance of M.

In order to factor M as in (2), Liu et al. developed a
streamable factorization method named moving factorization
[8]. They said that to support the low-pass filter, factoriza-
tion needs to be able to extend each trajectory forwards and
backwards in time by the radius of the filter kernel. In (3), M
is smoothed by projecting filtered eigen-trajectories back to
2D space. It is equivalent to smoothing M after recovering
the missing data locally. The points near the start and the
end of the original trajectories are filtered with both tracked
and recovered neighbors. So the factorization should be ac-
curate for not only the tracked trajectories but also the ex-
tended (recovered) segments. As discussed in [8], the factor-
ization should also preserve sufficient number of points for
content-preserving warps. To achieve these goals, we present
our model and approach in the next section.
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Fig. 2. X-axis: number of points tracked per-frame. Blue:
number of per-frame points after Liu et al.’s moving factor-
ization. Red: number of per-frame points after our local fac-
torization.

3. LOCAL SUBSPACE VIDEO STABILIZATION

3.1. Local subspace constraint

Motion trajectories captured by a perspective camera lie on
a non-linear manifold instead of a linear subspace [2]. This
manifold can be approximated with several linear subspaces
locally. Irani [5] showed that for instantaneous motion, a tra-
jectory matrix has at most rank 9. In subspace video stabiliza-
tion, this property is assumed to be held over a short window
of frames, and this window is at least as large as the filter
kernel. However, Liu et al. still factor and smooth the trajec-
tory matrix in a single global subspace as in (2) and (3). For
the entire trajectory matrix, their global subspace constraint
is overstrict. As shown in Fig 2, many correct trajectories
are detected as outliers and removed after moving factoriza-
tion. These correct trajectories’ factorization error exceeds a
threshold (Liu et al. set the threshold to 3 pixels) because the
global subspace constraint can not fit the manifold well.

In our work, we use multiple local subspaces rather than
a single global subspace. We model a local window of 2k + 1
frames as:
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where ¢ denotes that this window centers on the i-th column
of M, m is the trajectory number in this window, and k is the
same with the filter kernel’s radius. Then we smooth M’ sim-
ilarly to (3). Since only the center column of M’ is obtained
by full range filtering, we put it back to the corresponding po-
sition in M while the other columns are dropped. Thus, we
can smooth the columns of M in different local subspaces as:

M=Wo 01E1,02E2---Cfﬁf}, (5)

where E' is the filtered eigen-trajectories of the ¢-th column.

This time-variant model is more flexible than (2). Dif-
ferent from subspace video stabilization, we do not require
the coefficient matrix fixed. The low-rank representation of a
trajectory varies in different local subspaces as in (5), which
gives a better approximation to the non-linear manifold. To
factor and smooth M as in (4) and (5), we now introduce our
local factorization algorithm.



3.2. Local factorization

We start the factorization by assembling m trajectories that
span the first 2k + 1 frames into a complete matrix M!. This
matrix can be factored as follows:

Mémx(2k+1) = C%erE}”X@k—&-l)’ (6)

where C and E are obtained by truncating the output of Singu-
lar Value Decomposition (SVD) corresponding to the largest
r singular values and distributing the square root of each sin-
gular value to the left and right orthogonal matrices. Then the
first k + 1 columns of E are filtered and projected back to 2D
space as:

M1 hy1) = CHELy 1K) = C'Eq g p1)- )
Here, we only smooth the first £ 4 1 columns of M! because
the last & columns of E! can not be filtered by the radius of k,
and they will be filtered in the following windows.

Besides the m trajectories collected in (6), we compute
the coefficients for the other trajectories that start in the first
k + 1 frames by minimizing || X — CYEX||% as:

Ck = XEL " (BYEL ), ®)
where X is a trajectory’s segment lies in current window and
EL consists the columns of E! that cover X in time. This
trajectory’s segment in the first £ + 1 frames is then smoothed
similarly to (7).

Now we move the window forward by 1 frame. Trajec-
tories that span from the 2nd to the (2k + 2)-th frame are
assembled and factored as the same in (6). For trajectories
that cross the (k + 2)-th frame but do not span the entire win-
dow, we compute their coefficients as in (8). In this window,
we only smooth the center column of M? by filtering and pro-
jecting back the corresponding column of eigen-trajectories:

1\7[%“ = CQ(E%HK) = CQE%-H, )

because full range filtering is invalid for the other columns.
Therefore, we can get the stable trajectory matrix M by re-
peating the above procedure until all columns have been pro-
cessed. For the last k& columns of M, we also factor and
smooth them together in a similar way to (6) and (7).

The proposed local factorization preserves more trajecto-
ries for content-preserving warps as shown in Fig 2, and it
also factors points more accurately than Liu et al.’s moving
factorization as demonstrated in Section 4.1. Both the suf-
ficient number of trajectories and factorization accuracy are
crucial to video stabilization.

3.3. Outlier detection with subspace transform

Incorrect trajectories and the trajectories from moving objects
will mislead our local factorization. We first detect these out-
liers using the outlier detection method in [8]. However, to

handle the detected outliers, we cut them instead of remov-
ing them entirely. For example, we only remove a trajec-
tory’s points after the 30-th frame (including the 30-th frame),
where it is detected as an outlier for the first time. But we still
discard the entire trajectory when its remaining segment is
shorter than 27 frames.

During our experiments, we found using the strategy from
[8] only could miss some outliers. The reason is that factor-
ization by SVD is not robust, it will be influenced greatly even
when a little outliers occur. Although some robust factoriza-
tion methods [!, 12] have been proposed in the past years,
they are impractical for video stabilization because of high
computational cost.

To tackle this problem without losing computational effi-
ciency and model flexibility, we design a subspace transform
based technique. Here, we use a trajectory’s segment between
the 2nd and the (2k + 1)-th frame as an example to introduce
our outlier detection method. This trajectory X has different
projection on two basis E! and E? as:

Xookt1 = CxEsapyy = CXEf- (10)

Since the low-rank representation of Xs5.054+1 iS not unique,
CY is unequal to C%, so is B}, ., to E{,,,, but they have
the following relationships:

CxT = C%

1 _ 2
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(1)

where T is a r X r matrix that transforms C% to C%, and we
solve for it by minimizing [|E},, ., — TE?,,|/% as:
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T = E%:2k+1E%:2k
Then we predict the trajectory’s point in the (2% + 2)-th frame
as X, , using Cg:

Xopyo = CxE3 1 = CXTE3, 4, (13)

and detect the actually tracked Xsi4o as an outlier if
1X2k+2 — X;k+2||2 exceeds 10 pixels. The large error indi-
cates that the low-rank representation of trajectory X changes
greatly in the (2k + 2)-th frame, i.e., Xox42 is incorrectly
tracked. Otherwise, X;,C 4o should be a good assumption to
Xokq2.

This outlier detection method inherits the advantage of
global subspace constraint by fixing the coefficient ma-
trix between consecutive frames, but it does not affect the
model flexibility because every column is still factored and
smoothed separately.

3.4. Summary

Now we summarize the proposed method as follows. Since
we use a local linear subspace constraint in this paper, we call
our method local subspace video stabilization.



1. Track 2D motion trajectories in an input video and as-
semble them into a matrix M.

2. Factor and smooth columns of M in local subspace us-
ing (6)-(9). The first k£ columns of M are smoothed
in a same subspace as in (7); the last k£ columns are
processed in a similar way; and every other column is
smoothed in separate local subspace as in (9).

3. Before factoring for every local subspace, detect out-
liers using the method in [8]. After local factorization
in every local window, detect and handle outliers using
subspace transform based technique as in (10)-(13).

4. Warp the input video guided by the correspondence be-
tween M and M using content-preserving warps.

4. EXPERIMENTS

4.1. Synthetic data

As discussed in Section 2, for video stabilization, factoriza-
tion should be accurate for both tracked trajectories and ex-
tended segments. In real videos, there is no access to the miss-
ing data of a trajectory matrix. So we randomly generated 500
points within a 100 x 100 x 100 cube, and synthesized a se-
quence of 300 frames (the size of these frames are 600 x 600)
by a moving perspective camera. The focal length of the cam-
era was set to 500 and rotation angles changed from —7 /4 to
+7/4. Then we added gaussian noise (¢ = 3 and ¢ = 0) to
every captured point in synthesized frames. The factorization
window size and moving step of moving factorization were
set to 50 and 5, which were the same as in [8]. The factoriza-
tion window size of our local factorization was 51. Since the
synthetic sequence was captured by a perspective camera, we
set the rank r to 9. These parameters were also used in exper-
iments on real videos, but we did not employ outlier detection
because the synthetic sequence was free from outliers.

After factoring the synthesized trajectory matrix by mov-
ing factorization (MF) and our local factorization (LF), we
compared their factorization error on both captured and ex-
tended points. Fig 3(a) shows that there are much more points
with error less than 0.2 pixels in our method. The average
error is 0.0836 pixels by our local factorization and 0.4105
pixels by moving factorization.

For extended points, our method is also much more accu-
rate than moving factorization. The average error on extended
points is 0.7076 pixels by our method, which is about half of
the error 1.4743 pixels by moving factorization. As shown in
Fig 3(b), most extended points in our method have error less
than 1 pixel while moving factorization has generated more
points with larger error. It is because our method better ap-
proximates the non-linear manifold using local subspace con-
straint. As discussed in Section 2, accurately extended points
are crucial to motion trajectories smoothing, and will further
improve the quality of stabilized videos.
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Fig. 3. Comparisons on synthesized data. (a) The bar graph

of captured point number by factorization error. (b) The bar
graph of extended point number by factorization error.
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Fig. 4. Snapshots of the 12 video sequences used in experi-
ments.

4.2. Video stabilization

In this experiment, we tested our method on shaky videos. We
quantitatively compared the proposed method with subspace
video stabilization. Subjective comparisons with some other
state-of-the-art methods are given by snapshots as well as a
supplementary video.

For quantitative comparisons, 12 videos shown in Fig 4
were used. They cover various scene types including camera
zoom, dynamic scene, large parallax, large moving object,
etc. These videos were also used by many previous works
[7, 8, 3,4, 10]. To evaluate the quality of stabilized videos,
we redefined the three objective metrics used in [10]:

Cropping Since the scope of every synthesized frame
is different, videos will have blank areas after stabilization.
Matsushita et al. proposed motion inpainting to fill the blank
[11], but their method is rarely used in real applications be-
cause of complexity and robustness issues. Most state-of-the-
art methods unify frames’ size by cropping stabilized frames
to their overlapping region. The cropping is computed as the
ratio of cropped frames’ size to the original. A higher crop-
ping ratio means the video content is better preserved.

Distortion In content-preserving warps [7], warps mesh
is obtained by minimizing the following objective function:

E =E4+ aF;, (14)



where « is a scalar weight between the data term E,; and the
similarity term E;. F is the constraint that controls the ge-
ometric distortion of a warped frame. In our experiments,
we used log(Es + 1) to measure the distortion of a stabilized
frame. The log function reduces the difference between dif-
ferent high distortion levels because this difference is less no-
table for severe distortion, and the added 1 avoids negative
values. A lower distortion value indicates that the geometric
structure of a frame is better preserved after stabilization. For
a video, we compute its distortion by averaging the distortion
values of all the frames. Please refer to the Section 4.1 of [7]
for more details about the energy function (14).

Stability Similar to distortion, we also use the objective
function from previous method as a metric to measure the sta-
bility of smoothed trajectories. In [4], Grundmann et al. sta-
bilize a video by minimizing the combination of the the Ist,
the 2nd, and the 3rd deviation of the target camera path. In
our experiments, stability is measured by the combination of
the 1st and the 2nd deviation of stabilized trajectories, which
represent speed and acceleration respectively. In practice, we
multiply the 2nd deviation by 10 and add it to the 1st devia-
tion as the metric for stability. It is because unstable motion
is mainly caused by the change on speed (acceleration).

With the three metrics defined, we made quantative com-
parisons sequence by sequence. Our local subspace video sta-
bilization and subspace video stabilization shared the same
gaussian kernel, whose deviation and radius were 32 and 25.

As shown in Fig 5(c), the stability of smoothed trajec-
tories in our method is slightly better than the results from
subspace video stabilization. But this subpixel-wise differ-
ence is visually unconspicuous in some sequences because
we used the same gaussian kernel for both of the two meth-
ods. However, our method outperforms Liu et al.’s in terms
of cropping and distortion. See Fig 5(a) and 5(b), our local
subspace video stabilization crops less video content and bet-
ter preserves the geometric structure of video frames for all
the test sequences. Moreover, we have successfully stabilized
the sequence iii — a failure case in [8], where subspace video
stabilization is failed by the outliers on the girl’s moving face.
In our method, the trajectories on the face have been detected
and rejected by our novel outlier detection technique, and the
remaining trajectories after local factorization are still suffi-
cient for content-preserving warps. As shown in Fig 6(a), the
public result from Liu et al.’s method is severely distorted, but
our stabilized video is much more visual plausible.

At the same time, our results are also comparable or even
better than the ones from some other state-of-the-art methods.
As shown in Fig 6(b), much more video content is preserved
in our method than L1 optimal camera paths [4]. In Fig 6(c),
the background trees shift a little to the right in the result of
bundled camera paths [10] while our result is a little better.
Note that our method preserves more video content than all of
the three competitors. Please see the supplementary video
for more comparisons.
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Fig. 5. Comparisons with our implementation of subspace
video stabilization. Comparisons on (a) cropping, (b) distor-
tion, and (c) stability. The sequence iii is a failure case in [8],
but we have successfully stabilized it using our local subspace
video stabilization method.
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Fig. 6. Comparisons with some public results. Left: input
frames. Middle: stabilized frames from (a) subspace video
stabilization, (b) L1 optimal camera paths and (c) bundled
camera paths. Right: our stabilized frames.



Fig. 7. Failure cases. From left to right: motion blur, severe
occlusion, and large plane area.

4.3. Performance

We implemented our local subspace video stabilization in
C++ and did all the experiments on a MacBook Air with
1.7GHz Intel Core i5 CPU and 4GB RAM. The SVD was im-
plemented using Lanczos based algorithm.We tracked about
500 points in a 640x360 frame using KLT tracker, which
runs in 9 fps. Our local factorization achieves 30 fps when
factors the tracked trajectory matrix, and our implementation
of content-preserving warps takes 40 ms to warp a stabilized
frame. Overall, our stabilization system runs at about 5 fps.

4.4. Discussion

In general, the proposed method has three superiorities over
subspace video stabilization. First, it preserves more points
for content-preserving warps. Second, it factors the trajectory
matrix more accurately for both existing and missing data. At
last, it can reject some outliers that fail subspace video stabi-
lization. Although our local factorization is slower than mov-
ing factorization (30 fps vs. 500 fps [8]), the overall speed of
our system is comparable with subspace video stabilization
because the main bottleneck is feature tracking. Benefiting
from the locality of the model, our method is highly parallel,
we can easily accelerate it on GPU platforms. However, like
subspace video stabilization, our method is fragile in videos
with sever occlusion, motion blur, and large plane area. It is
caused by the limitation of the KLT tracker. In the sequences
shown in Fig 7, we can not accumulate enough trajectories for
factorization in some frames. In the future, we will try to deal
with this problem by splitting a video into several segments
and stabilizing them separately.

5. CONCLUSION

In this paper, we have proposed a novel method for video sta-
bilization. It smooths every column of a trajectory matrix
in separate local subspace. By utilizing the local subspace
constraint, our factorization is more accurate than moving
factorization [8]. It also preserves more points for content-
preserving warps, which is crucial to the quality of stabilized
videos. Moreover, we have designed a novel outlier detection
technique that utilizes the relationship between consecutive
local subspaces, and it can reject the outliers that fail sub-
space video stabilization [8] while maintain computational

efficiency. The experiments show that our method not only
outperforms subspace video stabilization but also is compara-
ble with some other state-of-the-art methods.
Acknowledgements. This work is partly supported by the
grant of NSFC 61360115 and Shenzhen Peacock Plan.
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