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Abstract. The ability of blurring details while preserving salient edges is valu-
able for many image processing applications. We propose an extrema interpola-
tion formulation for edge-aware smoothing, in which the extrema of the sought
signal are fixed. A set of extrema cannot determine a unique signal, so the final
smoothing result is the one that has the least distance with the original signal.
Our method can follow significant edges more closely, as can be understood intu-
itively from the standpoint of monotonic approximation. Experimental results on
one- and two-dimensional signals validate the distinctive effects of our method.
We also demonstrate the effectiveness of our method for image detail enhance-
ment and image abstraction.
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1 Introduction

The significance of preserving edges while coarsening images has received consider-
able emphasis in the contexts of base-detail decomposition, image enhancement, tone
mapping, and stylization, among many others. Farbman et al. clarify the artifacts re-
sulting from edge blurring and oversharpening for applications in detail enhancement
[[L]. Other fields, such as image denoising, image restoration, and cartoon-texture de-
composition also have some relationship with edge-preserving smoothing, since they
all concern not blurring main structures in images. Existing methods can be roughly
classified into several classes: global optimization, local methods, and diffusion-based
methods.

Global optimization methods find the smoothed image S from the original image I
as the solution to the following optimization problem:

mSin{HS—IHZ-i-)\C(S)}, (D

where ||-|| is some kind of norm, and C(-) is a cost. The data (fidelity) term ||S — I |?
enforces S to be similar in main structures to I, C'(.S) is a regularization (smoothing)
term for penalizing roughness of S, and A is a smoothing parameter controlling the
significance of C(9) relative to ||S — I||2. Usually, |- || is the Euclidean norm, and
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C'(S) is taken as a functional of gradients of S. Many kinds of C'(.S) have been studied,
including weighted least squares [[1]], total variation [2l], Lo norm [3]], and relative total
variation [4]].

Local approaches compute each pixel from its neighbors in the input image. In bi-
lateral filtering, every pixel in the filtered result is a weighted average of input pixels,
with the weights depending both on spatial distance and difference in intensity [5].
Local histogram filters estimate modes in local image histogram to determine output
pixels [6].

Diffusion-based methods employ partial differential equations to describe analogous
diffusion or heat transfer processes [7]. Edge preserving is accomplished by setting
gradient-dependent conductance.

There are methods that can hardly be seen as belonging to any one of the afore-
mentioned three classes, among them mostly related to our method are [8]] and [9]. [8]
models detail as oscillations between local maxima and minima, and takes the average
of extremal envelopes as the smoothed result. [9] quantifies the smoothness of signals
by the notion of locally monotonic signals, which are monotonic within all intervals of
a specified length.

In spite of the preceding efforts, edge preservation is still hard to define and quan-
tify. This paper employs monotonic approximation to formalize the intuitive notion of
edge preservation, and propose an extrema interpolation formulation for smoothing. By
placing constraints on the extrema of resulting images, our method can retain edges to
an even higher degree.

2 1D Extrema Interpolation

2.1 Monotonic Regression

Near a significant edge to be preserved, the main feature of the function is monotoni-
cally increasing or decreasing. Our key observation is that by enforcing monotonicity,
the resulting approximation can follow the main edge fairly well, as shown in Fig.[(a).
For the original curve I, the smoothed version S is obtained by solving the following
monotonic regression problem:

mSin |S —1||* st VS, >0,Yp (or VS, <0,Vp), (2)

where [|S —I||* = 3= (S, — I,,)* is the square of Euclidean norm, S, and I,, denote the
values taken by S and I at p, and V.S, = S, — Sp,_1 is the backward difference of .S’ at
p. Thus, S is the most similar curve to I, among all monotonic functions. Oscillations
violate monotonicity, so the noise-like component of I is suppressed. For the dominant
edges, S follows I closely, since monotonic constraint does not penalize large gradients,
unless they are opposite in sign. As shown in Fig.[[l(b), monotonic regression can retain
significant edges better than other two methods.

For each edge to be preserved, one interval must be specified on which the smoothed
curve is constrained to be monotonic. The whole curve, therefore, should be partitioned
into segments. This partition induces a cost for measuring smoothness: the number
of monotonic segments. We can use this cost as a regularization term and solve (),
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(a) Monotonic regression (b) Other two methods

Fig. 1. Smoothing a signal with details and two significant edges. (a) Result of monotonic re-
gression (red). (b) Results of bilateral filtering [5] (blue) and of Lo gradient minimization [3]
(green).

where C(S) is the smallest number of intervals on each of which S is monotonic.
However, this cost is not enough to smooth a curve uniformly, because curves with small
costs may have a sharp horn between two monotonic segments. Since first increasing
(decreasing) and then decreasing (increasing) means the existence of a local maximum
(minimum), C(S) can be replaced by the number of local extrema of S. This leads
to an idea of smoothing a signal by controlling the positions and values of extrema.
Moreover, conceptually, the perspective of extrema can be generalized more naturally
to the 2D case.

2.2 Extrema Interpolation

To penalize sharp corners between monotonic segments, more constraints are needed.
One possible way is to prevent the relative magnitudes of extrema from getting too
large. This leads us to the following extrema interpolation formulation:

For a set of points E = {(p;, mj)}jzl, where p; € Z, m; € R, and {p, }j=1 is strictly

increasing, find a sequence S, such that
@) Sp; =my,j=1,2,...,J, and

(i1) S has a local extremum at p, if and only if p € {p; };.]:1.

Let EI(E) denote the set of all interpolating functions satisfying the above two con-
ditions. Intuitively, extrema interpolation means sketching a curve that not only passes
through a set of given points but also attains its extrema exclusively at these points.
Since extrema provide more information compared with ordinary points, we can roughly
sketch a curve similar to the original one from deliberately selected extrema.

For any S € EI(E), the total number of extrema is controlled by J, the dynamic
range of S between p;_; and p; is limited to lie between m;_; and m;, and there
can be no oscillations between p;_1 and p;, or other extrema will exist. In general,
extrema interpolation has infinitely many solutions, so smoothing can be formulated as
the following constrained optimization problem:
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min_||S —I|]?. 3)
SEEI(E)
That is, among all interpolating functions, we seek the curve which is the most similar
to the original signal. By limiting J and the relative magnitudes of m;, we can control
the smoothness of .S, i.e., the smaller we choose J and relative magnitudes of m, the
smoother will be the resulting interpolation function. To use extrema interpolation for
smoothing, we need to specify the positions and amplitudes of all extrema, as discussed
in the next subsection.
Efficient numerical solver can be obtained by phrasing the second condition of ex-
trema interpolation in an alternative way:

(ii") S is monotonic between p;_1 and pj, j =2,...,J.

Since both condition (i) and (ii’) are linear constraints about S, @) is a quadratic pro-
gramming problem, which can be solved efficiently. Unfortunately, this is not the case
for 2D signals.

Figure 2 shows an example of extrema interpolation for edge-preserving smoothing.
Imagine drawing a red curve S which looks most like the original black curve I among
all those curves that connect the prescribed blue circles and don’t oscillate between any
two adjacent blue circles. Differences between adjacent samples shrink to zero after
smoothing, if their signs are not consistent with the two enclosing extrema. Samples
with amplitudes outside the range of two enclosing extrema have their values clumped
in .S. However, those samples with both amplitude and difference consistent with two
enclosing extrema are basically retained. So smoothing via extrema interpolation can
selectively preserve edges and clump humps, under the guidance of extrema. Figure
also shows that by changing the positions and values of extrema, a signal can be
smoothed to a different degree.

2.3 Determination of Extrema

The ability of extrema interpolation to both preserve edges and suppress oscillations
depends on properly prescribed extrema [E, which should be compatible with the main
structures in the original signal. In addition, mathematically, E must meet some condi-
tions, e.g. (m; —m,;_1)(m;11 — m;) should not be positive, or EI(E) may be empty.
These requirements will be more sophisticated and harder to satisfy for 2D images than
for 1D signals. A natural approach is to take E as the extrema of a smoothed version G,
which may not preserve edges well, of the original signal I. Now (3)) takes the following

form:
Sp = Gy if G has a extremum at p

(VS,)(VG,) > 0 ’ @)

where the second constraint comes from condition (ii’) of extrema interpolation, mean-
ing that S is increasing (decreasing) where G is increasing (decreasing), thus is mono-
tonic between two consecutive extrema of G and attains extrema where G attains
extrema. It is understood that (V.S,)(VG),) > 0 means V.S, has the same sign with
VG,. If VG, =0, we let V.S, = 0. Obviously, in this case FI(E) is nonempty, since
G itself is an interpolating function.

minHS—IH2 s.t. {
S
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(a) Slightly smoothed (b) Strongly smoothed

Fig. 2. 1D Extrema interpolation. The prescribed extrema are marked by blue circles. These ex-
trema divide the original signal into segments, each of which is smoothed by monotonic regres-
sion. Hence the net effects are edge preserving and fluctuation clumping. In (b) the extrema are
more restrictive than in (a), thus yielding coarser smoothing result.

Intuitively, we exploit G to extract E, which can be seen as a qualitative trend, and
then use extrema interpolation to refine it. In Fig. 3] our method is used to filter a 1D
signal I, where G is obtained by WLS [1]]. Small fluctuations in I are merged into a
longer monotonic interval in G, and then suppressed in .S as they are approximated by a
monotonic segment. Salient edges in I are smoothed in G, but then their slopes are re-
stored in S, on condition that they are still recognized as having the same monotonicity
in G as in I. The dynamic range of restored edges in .S is confined by the corresponding
two extrema in G. As can be seen in Fig. 3 edges are blurred somewhat by the WLS
filter, while our results follow edges more closely.

(a) Ours (b) WLS

Fig. 3. Comparison of our method to WLS [1] for a 1D signal. The smoothed versions are shown
superimposed on the original signal (using different shades of color: lighter is more strongly
smoothed).
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2.4 Connection with Total Variation Regularization

Condition (if) in extrema interpolation can be seen as a way to penalize the length of
a curve, i.e., to pull a curve taut. Intuitively, the shorter the length, the smaller usually
will be the number of extrema. We maintain that by using total variation as a measure
of length, condition (ii’) can be replaced by

VS|l =Y [m; —mjal, ®

J

where [[VS||1 =3 |VS,|is the discrete total variation of S. This constraint combined
with condition (i) implies

Z |VSZ|:|SPJ _Spj—1|’j:27"'7‘]7 (6)

pj—1<i<pj

thus condition (ii") holds.
If total variation is employed to obtained a preliminary smoothing result 7" for ex-
tracting extrema E:

T:argmgn{||S—I||2+/\||VSH1}, (7
then extrema interpolation gives

T . 9 Sp =T, if T has a extremum at p

St = arg min IS —1I|* st { VS| = VT . 8)
In this case, extrema interpolation has no effect, i.e., ST = T, otherwise ST can make
the objective function in ({Z) smaller. Thus total variation smoothing (@) is a special case
of extrema interpolation. By the extrema interpolation formulation, we have more flex-
ibility to manipulate extrema, which in turn dominates the resulting smoothing result.
For 2D signals, constraining total variation, either isotropic or anisotropic, doesn’t have
the same kind of influence on extrema as for 1D signals, so total variation regularization
loses this extrema interpolation interpretation for images.

3 Smoothing 2D Signals

The extrema interpolation formulation in Sect. 2.2] also applies to images, provided
that p and p; are spatial positions. However, condition (ii') of extrema interpolation
doesn’t have a corresponding 2D form. In other words, we cannot express the intricate
condition (i7) in terms of a system of simple inequalities. Fortunately, a substitute can
be obtained by following the order relation of neighboring pixels in a preliminarily
smoothed version G, that is, extending @) to 2D by replacing (V.S,,)(VG,) > 0 by
(025p)(0:Gp) = 0 and (9,S,)(0yGp) = 0, where 0, (+), and 0, (-),, are differences at
p along x and y directions. As in Sect. (0+5p)(0+Gp) = 0 means that 9,.S, has the
same sign with 0,G), and 0,.5, = 0if 9,.G, = 0.
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It should be emphasized that the order relation between any two neighboring pixels
cannot be determined from a given set of extrema, so the above formulation is sufficient
but not necessary for the nonexistence of extrema besides those of G. This may cause
resulting images to have artifacts, such as false ridge-like structures. One natural solu-
tion is to add the constraint that magnitudes of differences of images should not become
greater after smoothing. Now we are led to:

Sp = G if G has a extremum at p
min ||S — I||?  s.t. { (0:5,)(0:Gp) = 0and [0,y < [0:Lp| +6,  (9)
° (0y9,)(0,Gy) > 0 and [0, S,| < [0, 1,| +

where a small positive number ¢ is introduced to make these requirements not too re-
strictive. But this presents another problem: the feasible set in (@) may be empty. Al-
though G is a smoothed version of I, the magnitudes of its differences may be larger
than that of I somewhere. To guarantee G itself is in the feasible set, the smoothing
method for generating G from I must be tailored to this extra constraint on magnitudes
of gradients.

We adapt the WLS filtering framework to a constrained optimization formulation:

ngnz {(Gp —1,)* + A [wx,p(apr)2 + wy,p(apr)z} }

St {|8:L’Gp < |Oelp| +€ ’
0y Gp| < [0yIp| +

(10)

where wy p, = (|01, + &), Wy,p = (|0yLp|™ + )" and X are from [T]]. Here for
brevity we use the same ¢ for both inequality constraints and weights associated with
differences. Obviously, the resulting G will satisfy all constraints in (9). Incidentally,
constraining magnitudes of gradients, to some extent, may protect edges in G from
blurring.

In @) and (I0), the constraints are all linear inequalities and the objective functions
are convex quadratic, so they can be solved by standard quadratic programming
techniques.

In summary, our method consists of first solving (IQ) to obtain G, and then solving
() for the final smoothing result S. Main structures of the original image I are em-
bedded in the extrema of G, which are used in @) to find S. Whether an edge in I is
restored or suppressed in S depends on whether it is consistent with the extrema of G.

4 Experimental Results

All pixel values are normalized to the interval [0, 1]. We use the path-following primal-
dual interior-point method to solve (@) and (IQ) [10]. In practice, we find that choosing &
greater than zero can make the final infeasibility in the KKT conditions smaller. We set
€ = 10~* and a = 2 by default. To be consistent with (@), 4-connectivity is used when
identifying local extrema, that is, a pixel is considered as a local maximum (minimum)
if its value is larger (less) than those of the four horizontal and vertical neighbors.
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The edge-respecting effect of our method is shown in Fig. [l As the 1D case, strong
edges in [ that are retained but somewhat blurred in G are restored in .S, and fine
details in [ that are inconsistent with the positions and amplitudes of extrema in G are
subdued in S. As exemplified in Fig.d] although the constraints in (@) is a restrictive
substitute for preserving extrema, our method is effective in preserving main edges. We
find that the interior-point method for solving (@) may fail without the constraints in
(10 (e.g., when X = 0.01 as in Fig. @l (d)). So the original WLS filter cannot ensure that
gradients should not become larger after smoothing. In contrast, our method enforces
this requirement explicitly.

(a) Input 1 (b) G(A=0.01) (c) (b) with local ex- (d) S (A= 0.01)
trema identified

(&) G (A =0.05) () S (A =0.05) (g G(A=0.2) (h) S(A=0.2)

Fig. 4. Image smoothing results. Our method with different A coarsens an input / to different
extents (d)(f)(h). The intermediate results G are also shown (b)(e)(g). All local extrema in (b) are
marked in (c), blue for maxima and red for minima. These color markers are much better appre-
ciated when viewed in full size on a computer monitor. By extrema interpolation, the positions
and amplitudes of all local extrema in (c) are inherited by (d), this relation also holds for (e)(f)
and (g)(h).

Edge-respecting smoothing naturally leads to base-detail decomposition, where the
base and detail layers are S and I — S, respectively. Detail enhancement can be accom-
plished by boosting the detail layer. Figure [3] gives enhancement results and compar-
isons. Our method are performed in the CIELAB lightness channel, leaving the other
two color channels unchanged. The WLS filter may cause some artifacts when the
boosting multiplier becomes larger, although it performs well in most cases. As can
be seen in Fig. [3] (e) and (f), along the silhouettes of distant hills and a sandpit, our
results compare favorably with the WLS-based enhancement, yielding less distracting
halos and rims.
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(a) Input (b) WLS (c) Ours

(a) Close-up (b) Close-up (c) Close-up

Fig. 5. Detail exaggeration results (detail layers multiplied by 4, A = 0.01). Boosting WLS-
based detail layers results in artifacts such as rims along high-contrast edges (b)(e), which are
less conspicuous for our method (c)(f).

(a) Input (b) Abstraction of (a) (c) Input (d) Abstraction of (¢)

Fig. 6. Image abstraction results (A = 0.1). By our method, details are subdued and main struc-
tures are emphasized.

Our method can be used in many other applications that utilize an edge-preserving
filter. One application is non-photorealistic stylization, e.g., abstraction. The effect
shown in Fig. [0l is produced by superimposing gradient magnitudes on the smoothed
image. The three RGB channels are processed independently. Thanks to the nice edge-
preserving property of our method, the abstraction results are visually pleasing.

One limitation of our method is about computing time. Most CPU time is for the
interior-point method, which requires solving large linear systems of equations at each
iteration. For the image shown in Fig.[3l which is of size 533 x 800, our Matlab imple-
mentation takes several minutes for one color channel. To reduce running time, smooth-
ing can be performed in a coarse-to-fine manner in an image pyramid, with results
obtained from one resolution as initialization for the next finer resolution.
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5 Conclusion

This paper proposes a new method for smoothing images while respecting edges, nei-
ther blurring nor sharpening, only with the dynamic range being reduced. Our method
is motivated by the observation that monotonic regression can follow significant edges
fairly well locally. Extrema interpolation is proposed to employ monotonic regression
segment by segment and then glue the resulting locally good segments into a final one.
Roughly speaking, the idea is to first identify a set of meaningful local extrema (minima
and maxima) of a signal [ and then to find the best approximation S of I such that S
exclusively has these meaningful extrema.

We apply a constrained version of the WLS filter to obtain a preliminary smoothed
image, whose extrema are used by the extrema interpolation formulation to find the final
smoothing result. We formulate this problem as a constrained convex quadratic mini-
mization problem, which is therefore solvable with standard tools. For 1D signals, our
method has an interesting relation to total variation regularization, which thus obtains
an intuitive interpretation for its features. Experiments on detail enhancement show that
our method can retain the slope of edges more faithfully, resulting much less objection-
able artifacts compared with other methods.
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