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Abstract—An important feature of scale space is con-
trolled by a partial differential equation(PDE), thus we
derive a new method for image de-noising by applying
properties of scale space. We give the concrete derivation
of the new model and make corresponding experiments.
The experimental results indicate that the new method
can recover the image well comparing with other classic
de-noising methods. Additionally, the new method is also
effective in salt and pepper noise. So the new method not
only has good effect on image de-noising, but also has
superiority in theory.

Index Terms—Scale space; Partial differential equation;
Image de-noising

I. INTRODUCTION

De-noising is probably the most common and most
studied problem in image processing. Approaches devel-
oped so far include many methods arising from the field
of engineering, computer science, statistics and applied
mathematics. The PDE-based methods first proposed in
[1] are unique in their formulation of images as functions
in a suitable function space. Anisotropic characteristics
of PDE is applied to image de-noising such that it can
remove the noise while maintaining good edge. The
traditional de-noising methods basing on fuzzing the
whole image achieved good smoothing results, but may
lose the edge and texture.

The application of partial differential equations can
be divided into two parts. One is the basic iteration
scheme, with the updating time, to approach gradually
the original image. Representatives of this algorithm are
Perona-Malik equation [2] and various modified methods
[3]–[5]. The method in determining the diffusion coef-
ficient has great options, and has ability of forward or
backward diffusion. This leads to smooth the image and
obtain sharp edge. But this method is a ill-posed problem
and unstable in practical application. Another de-noising

method is based on the idea of variations, fixing energy
function of the image, minimizing it, making the image
to smooth state. The widely used Total Variation [6]–
[8] is a kind of variations. The key of this kind method
is to find appropriate energy equations, assure stability
of evolution, achieve desired results. It is stabler than
the first kind method, and of clear explanation in theory.
But the total variation can’t diffuse backward, so the
image obtained by this method is blurred and has no
edge sharpening.

In this paper, we propose a new model for image de-
noising by the theoretical analysis of properties of scale
space. The strong theoretical support for the new method
makes the noisy image restored in the whole. And the
implementation process of algorithm is easy to calculate.
From the experimental results, the new method achieves
good smoothing results, maintaining the edge and texture
for image of Gaussian noisy and salt & pepper noisy. The
remainder of this paper is organized as follows: Section 2
presents some necessary properties of scale space. The
concrete derivation of new model is given in Section
3. Section 4 compares and analyzes the performance of
our model with those of some other de-noising methods.
Finally, conclusions are drawn in Section 5.

II. SCALE SPACE AND ITS PROPERTIES

Scale space is an abstract framework. From the view
of algorithm, it is a iterative filtering. Under this frame-
work, we can analysis the approximation properties of
filters iteration and classify the filters.

A. Definition of scale space

Definition 2.1: A family image smooth operators 𝑇𝑡

with a parameter 𝑡 ≥ 0 are named as scale space, noted
by {𝑇𝑡}𝑡∈𝑅, where 𝑡 is called scale parameter.
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For a image 𝑢0(𝑥), 𝑇𝑡𝑢0 is regarded as a map of the
image 𝑢0 with scale 𝑡, the scale parameter 𝑡 quantita-
tively reflects the degree of image smooth [9].

B. Properties of scale space

In this section, we would also like to add some restric-
tions for scale space. In these restrictions, one part comes
from some basic properties of the image transformation,
the other is added specially as a a mathematical tool for
applying partial differential equation to analysis scale
space.

The main properties of scale space are causal [10],
Euclidean invariant [11] and continuous [12]. In the
following, we will give definitions respectively and a
useful theorem.

Definition 2.2: If 𝑇0 = 𝑖𝑑 and ∀𝑡, ℎ, ∃ 𝑇𝑡+ℎ,𝑡, 𝑠.𝑡.
𝑇𝑡+ℎ = 𝑇𝑡+ℎ𝑇𝑡, then scale space has pyramidal structure,
where 𝑇𝑡+ℎ,𝑡 is a transform operator, 𝑖𝑑 is a identity
transformation.

Definition 2.3: Suppose 𝑥, 𝑦 be the points in the
image, 𝑦 is in the neighbor of 𝑥. If two images 𝑢, 𝑣
satisfies 𝑢(𝑦) > 𝑣(𝑦), then there exists a sufficiently
small ℎ such that

(𝑇𝑡+ℎ,𝑡𝑢)(𝑥) ≥ (𝑇𝑡+ℎ,𝑡𝑣)(𝑥), 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥,

then scale space {𝑇𝑡}𝑡∈𝑅 meets local comparison prin-
ciple.

Definition 2.4: Suppose 𝑦 is in the neighbor of 𝑥,
quadratic expression 𝑢(𝑥) can be expressed by

𝑢(𝑦) =
1

2
⟨𝐴(𝑦 − 𝑥), 𝑦 − 𝑥⟩+ ⟨𝑝, 𝑦 − 𝑥⟩+ 𝑐,

where 𝐴 is a 2× 2 matrix, 𝑝 is a two-dimension vector,
𝑐 is a constant. If there exists a function 𝐹 (𝐴, 𝑝, 𝑥, 𝑐, 𝑡)
such that it is continuous with respect to 𝐴, and

(𝑇𝑡+ℎ𝑢− 𝑢)(𝑥)

ℎ
→ 𝐹 (𝐴, 𝑝, 𝑥, 𝑐, 𝑡), 𝑎𝑠 ℎ → 0,

then scale space is regular.

Definition 2.5: If scale space is regular and meets
local comparison principle and pyramidal structure, then
it is causal.

Definition 2.6: If for any isometric transformation 𝑅,

𝑅𝑇𝑡+ℎ,𝑡 = 𝑇𝑡+ℎ,𝑡𝑅,

where 𝑅𝑢(𝑥) = 𝑢(𝑅𝑥) = 𝑢 ∘ 𝑅(𝑥), then scale space is
Euclidean invariant.

Theorem 2.1: If scale space {𝑇𝑡}𝑡∈𝑅 is causal, then
there exists a function 𝐹 (𝐴, 𝑝, 𝑥, 𝑐, 𝑡) such that it satisfies

(𝑇𝑡+ℎ𝑢− 𝑢)(𝑥)

ℎ
→ 𝐹 (𝐷2𝑢(𝑥), 𝐷𝑢(𝑥), 𝑢(𝑥), 𝑥, 𝑡),

where 𝐹 is known as correlation function of the scale
space.
The proof can be found in 𝑅𝑒𝑓. [10], 𝑅𝑒𝑓. [12].

By Theorem 2.1, we consider the following space
model defined by partial differential equation:{

∂𝑢
∂𝑡 = 𝐹 (𝐷2𝑢(𝑥), 𝐷𝑢(𝑥), 𝑢(𝑥), 𝑥, 𝑡),

𝑢(0) = 𝑢0,

where 𝑢0 is the noisy image, 𝑢(𝑡, 𝑥) is the image with
scale parameter 𝑡. 𝐹 (𝐴, 𝑝, 𝑐, 𝑥, 𝑡) depends on a 2 × 2
matrix 𝐴, a two-dimension vector 𝑝, a constant 𝑐, a point
𝑥 and a positive real scale 𝑡.

From the above, we suppose that scale space {𝑇𝑡}𝑡∈𝑅
satisfies

(1) translation invariant, the 𝐹 dose not depend on 𝑥;
(2) invariant by grey value translation, then 𝐹 dose not

depend on 𝑐;
(3) isotropic, namely Euclidean invariant;
(4) comparison invariant.

III. NEW METHOD

There are four assumptions for scale space, we begin
to derive new PDE for image de-noising now. Consider-
ing two-dimension case, notes

𝐴 =

⎡⎣ 𝑎11 𝑎12

𝑎21 𝑎22

⎤⎦ ,

𝑝𝑇 = (𝑝2, 𝑝1), then

𝑝⊗ 𝑝 =

⎡⎣ 𝑝22 𝑝1𝑝2

𝑝1𝑝2 𝑝21

⎤⎦ .

From the assumptions(1)-(4), we can obtain a simpli-
fied form of 𝐹 which only depends on two parameters
𝑎̃11(𝐴, 𝑝), 𝑎̃12(𝐴, 𝑝). These parameters are defined by
rotation matrix

𝑅𝑝 =
1

∣𝑝∣

⎡⎣ 𝑝1 −𝑝2

𝑝2 𝑝1

⎤⎦ .

Meanwhile, 𝑅𝑝 is transformed into an unit column vector
𝑒1 = (0, 1)𝑇 , as 𝑅𝑝𝑝 = ∣𝑝∣𝑒1, put

1

∣𝑝∣𝑅𝑝𝐴𝑅𝑇
𝑝 =

⎡⎣ 𝑎̃11 𝑎̃12

𝑎̃12 𝑎̃22

⎤⎦ ,



                                                                                                                                          593

𝑝⊥ = (−𝑝1, 𝑝2), then 𝑝⊥ and 𝑝 are orthogonal, this leads
that

𝑎̃11 =
1

∣𝑝∣3 (𝑎11𝑝
2
2 − 2𝑎12𝑝1𝑝2 + 𝑎22𝑝

2
1)

=
𝐴(𝑝⊥, 𝑝⊥)

∣𝑝∣3 , (1)

𝑎̃12 = 𝑎̃21 =
1

∣𝑝∣3 ((𝑝
2
2 − 𝑝21)𝑎12 + 𝑝1𝑝2(𝑎11 − 𝑎22))

=
𝐴(𝑝⊥, 𝑝)

∣𝑝∣3 (2)

Theorem 3.1: If 𝐹 (𝐴, 𝑝, 𝑡) meets

𝐹 (𝑅𝐴𝑅𝑇 , 𝑅𝑝, 𝑡) = 𝐹 (𝐴, 𝑝, 𝑡),

and
𝐹 (𝜇𝐴+ 𝜆𝑝⊗ 𝑝, 𝜇𝑝, 𝑡) = 𝜇𝐹 (𝐴, 𝑝, 𝑡),

then there exists a function 𝐺 only depending on three
parameters, as

𝐹 (𝐴, 𝑝, 𝑡) = ∣𝑝∣𝐺(𝑎̃11, 𝑎̃12, 𝑡), (3)

Proof: Put 𝜇 = 1
∣𝑝∣ , then

𝐹 (
1

∣𝑝∣𝐴+ 𝜆𝑝⊗ 𝑝,
1

∣𝑝∣𝑝, 𝑡) =
1

∣𝑝∣𝐹 (𝐴, 𝑝, 𝑡),

for any real value 𝜆, combining with 𝑅 = 𝑅𝑇
𝑝 and

𝐹 (𝑅𝐴𝑅𝑇 , 𝑅𝑝, 𝑡) = 𝐹 (𝐴, 𝑝, 𝑡), we have

𝐹 (𝐴, 𝑝, 𝑡) = ∣𝑝∣𝐹 (𝑅𝑝(
𝐴

∣𝑝∣)𝑅
𝑇
𝑝 + 𝜆𝑅𝑝(𝑝⊗ 𝑝)𝑅𝑇

𝑝 , 𝑒1, 𝑡),

thus

𝑅𝑝(𝑝⊗ 𝑝)𝑅𝑇
𝑝 =

⎡⎣ 0 0

0 ∣𝑝∣2
⎤⎦ .

Applying (1), for any real value 𝜆,

𝐹 (𝐴, 𝑝, 𝑡) = ∣𝑝∣𝐹 (

⎡⎣ 𝑎̃11 𝑎̃12

𝑎̃12 𝑎̃22 + 𝜆∣𝑝∣2
⎤⎦ , 𝑒1, 𝑡).

Hence 𝐹 only depends on 𝑎̃11, 𝑎̃12.

Theorem 3.2: 𝐺 only replies on 𝑎̃11 and 𝑡.

Proof: By (1) and (2), fix 𝑝 ∕= 0, for 𝐴 ≥ 𝐵,

𝑎̃11 =
𝐴(𝑝⊥, 𝑝⊥)

∣𝑝∣3 , 𝑎̃12 =
𝐴(𝑝⊥, 𝑝)

∣𝑝∣3 .

For convenience, put

𝑏̃11 =
𝐵(𝑝⊥, 𝑝⊥)

∣𝑝∣3 , 𝑏̃12 =
𝐵(𝑝⊥, 𝑝)

∣𝑝∣3 ,

similarly, one gets 𝑏̃22, 𝑎̃22. Since (𝑝, 𝑝⊥) is orthogonal,
then 𝐴 ≥ 𝐵 if and only if for every real pair (𝑥, 𝑦),

(𝑎̃11 − 𝑏̃11)𝑥
2 + 2(𝑎̃12 − 𝑏̃12)𝑥𝑦 + (𝑎̃22 − 𝑏̃22)𝑦

2 ≥ 0, (4)

For fixed 𝑎̃11 − 𝑏̃11 = 𝜀 > 0, noting that if −𝑏̃22 is big
enough, corresponding any fixed value 𝑎̃11, 𝑎̃12, 𝑏̃12, 𝜀,
then (4) is hold for every pair (𝑥, 𝑦). Since 𝐹 (𝐴, 𝑝, 𝑡) is
nondecreasing with respect to 𝐴,

𝐹 (𝐴, 𝑝, 𝑡) ≥ 𝐹 (𝐵, 𝑝, 𝑡).

Thus for every 𝑎̃11, 𝑎̃12, 𝑏̃12, 𝜀, it is holds that

𝐺(𝑎̃11, 𝑎̃12, 𝑡) ≥ 𝐺(𝑎̃11 − 𝜀, 𝑏̃12, 𝑡). (5)

The continuity of 𝐹 (𝐴, 𝑝, 𝑡) with respect to 𝐴 shows that
when 𝜀 → 0, for any three variables

𝐺(𝑎̃11, 𝑎̃12, 𝑡) ≥ 𝐺(𝑎̃11, 𝑏̃12, 𝑡).

Therefore, 𝐺 only depends on the first and the third
variable.

Remark: 𝑅𝑒𝑓. [10] proves that 𝐺̃ only depends on
𝑎̃22 and 𝑡.

Applying complete affine invariant to scale space, and
supposing normalized scale, we derive partial differential
equation:

∂𝑢

∂𝑡
= ∣𝐷𝑢∣𝛾(𝑡𝑐𝑢𝑟𝑣(𝑢)) (6)

where ∣𝐷𝑢∣ =
√
𝑢2𝑥 + 𝑢2𝑦, 𝛾(𝑠) = 𝐶𝑠

1

3 , 𝐶 is a constant.
From {

𝐹 (𝐴, 𝑝, 𝑡) = ∣𝑝∣𝐺(𝑎̃11, 𝑎̃12, 𝑡),

𝐹 (𝐴, 𝑝, 𝑡) = ∣𝑝∣𝐺̃(𝑎̃11, 𝑎̃12, 𝑡),

two partial differential equations are obtained by⎧⎨⎩
∂𝑢
∂𝑡 = 𝐶1∣𝐷𝑢∣(𝑡𝑢𝑥𝑥𝑢2

𝑥−2𝑢𝑥𝑢𝑦𝑢𝑥𝑦+𝑢𝑦𝑦𝑢2
𝑦

(𝑢2
𝑥+𝑢2

𝑦)
3/2 )

1

3 ,

∂𝑢
∂𝑡 = 𝐶2∣𝐷𝑢∣(𝑡𝑢𝑥𝑥𝑢2

𝑦−2𝑢𝑥𝑢𝑦𝑢𝑥𝑦+𝑢𝑦𝑦𝑢2
𝑥

(𝑢2
𝑥+𝑢2

𝑦)
3/2 )

1

3 ,
(7)

𝐶1, 𝐶2 are constants. The cube of two equations divided
by 𝐶3

1 , 𝐶3
2 respectively, then⎧⎨⎩

(
∂𝑢

∂𝑡

𝐶1
)3 = ∣𝐷𝑢∣3𝑡𝑢𝑥𝑥𝑢2

𝑥−2𝑢𝑥𝑢𝑦𝑢𝑥𝑦+𝑢𝑦𝑦𝑢2
𝑦

(𝑢2
𝑥+𝑢2

𝑦)
3/2 ,

(
∂𝑢

∂𝑡

𝐶2
)3 = ∣𝐷𝑢∣3𝑡𝑢𝑥𝑥𝑢2

𝑦−2𝑢𝑥𝑢𝑦𝑢𝑥𝑦+𝑢𝑦𝑦𝑢2
𝑥

(𝑢2
𝑥+𝑢2

𝑦)
3/2 ,

Merging the two equations, we derive

∂𝑢

∂𝑡
= 𝐶(𝑡((𝑢𝑥𝑥 + 𝑢𝑦𝑦)(𝑢

2
𝑥 + 𝑢2𝑦)− 4𝑢𝑥𝑢𝑦𝑢𝑥𝑦))

1

3 . (8)

Equation (8) is the new model for image de-noising.
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IV. EXPERIMENTS

We present the results of numerical experiments to
show the performance of this method and compare it
with traditional Wavelet de-nosing(Hard Threshold(HT)
and Soft Threshold(ST)), Mean Filter(MF), Heat Con-
struct Equation(HCE), 𝑃 -𝑀 Model(PM) [2] and Affine
Morphological Scale Space(AMSS). All testing prob-
lems were performed in MATLAB Version 6.5.

For computing numerically 𝐸𝑞.(8), we attempt to
discretize it. Our images are represented by 𝑀 × 𝑁
matrices of intensity values. So, for any function(i.e.,
image) 𝑢(𝑥, 𝑦), we let 𝑢𝑖,𝑗 denote 𝑢(𝑖, 𝑗) for 1 < 𝑖 < 𝑀 ,
1 < 𝑗 < 𝑁 . The evolution equation obtains images at
times 𝑡𝑛 = 𝑛△𝑡, we denotes 𝑢(𝑖, 𝑗, 𝑡𝑛) by 𝑢𝑛𝑖,𝑗 .

The time derivative 𝑢𝑡, the space derivative 𝑢𝑥, 𝑢𝑦
at (𝑖, 𝑗, 𝑡𝑛) are approximated by the forward difference.
The space derivatives 𝑢𝑥𝑥, 𝑢𝑦𝑦, 𝑢𝑥𝑦 are as follows:

(𝑢𝑥𝑥)
𝑛
𝑖,𝑗 = 𝑢𝑛𝑖−1,𝑗 − 2𝑢𝑛𝑖,𝑗 + 𝑢𝑛𝑖+1,𝑗 ,

(𝑢𝑦𝑦)
𝑛
𝑖,𝑗 = 𝑢𝑛𝑖,𝑗−1 − 2𝑢𝑛𝑖,𝑗 + 𝑢𝑛𝑖,𝑗+1,

(𝑢𝑥𝑦)
𝑛
𝑖,𝑗 = 𝑢𝑛𝑖+1,𝑗+1 − 𝑢𝑛𝑖,𝑗+1 − 𝑢𝑛𝑖+1,𝑗 + 𝑢𝑛𝑖,𝑗 ,

and symmetrical boundary value condition:

𝑢𝑛0,𝑗 = 𝑢𝑛1,𝑗 , 𝑢𝑛𝑀+1,𝑗 = 𝑢𝑛𝑀,𝑗 , 𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑀,

𝑢𝑛𝑖,0 = 𝑢𝑛𝑖,1, 𝑢𝑛𝑖,𝑁+1 = 𝑢𝑛𝑖,𝑁 , 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁,

𝑢𝑛0,0 = 𝑢𝑛1,1, 𝑢𝑛𝑀+1,𝑁+1 = 𝑢𝑛𝑀,𝑁 ,

𝑢𝑛𝑀+1,0 = 𝑢𝑛𝑀,1, 𝑢𝑛0,𝑁+1 = 𝑢𝑛1,𝑁 ,

Finally, we obtain the explicit discrete scheme of 𝐸𝑞.(8)

𝑢𝑛+1
𝑖,𝑗 = 𝑢𝑛𝑖,𝑗 +△𝑡

4

3 (𝑛(((𝑢𝑥𝑥)
𝑛
𝑖,𝑗 + (𝑢𝑦𝑦)

𝑛
𝑖,𝑗)(((𝑢𝑥)

𝑛
𝑖,𝑗)

2

+((𝑢𝑦)
𝑛
𝑖,𝑗)

2)− 4(𝑢𝑥)
𝑛
𝑖,𝑗(𝑢𝑦)

𝑛
𝑖,𝑗(𝑢𝑥𝑦)

𝑛
𝑖,𝑗))

1

3 . (9)

We choose 𝐶 = 1, △𝑡 = 0.1, 𝑛 = 10.
In 𝐹𝑖𝑔.1(𝑎), it is a corrupted image with Gaus-

sian noise of standard deviation 20. 𝐹𝑖𝑔.1(𝑏)-(ℎ) show
the results by implementing the new method, wavelet
de-nosing by fourth-order Daubechies with three-layer
wavelet decomposition(HT, ST), MF, HCE, P-M, AMSS,
respectively.

In order to test the experimental results of Salt and
pepper noise, we add 0.02 salt and pepper to Fig.1(a),
the de-nosing image is shown in Fig.2.

In Fig.2, it is obvious that ST, P-M and AMSS are
invalid, the new method has better visual effect. This
implies the new method can also recover the noisy image
with salt and pepper.

We use the popular measurement peak-signal-to-noise
ratio(PSNR) as follows:

𝑃𝑆𝑁𝑅 = 10 log10
𝑀𝑁 × 2552∑
𝑖𝑗(𝑢𝑖𝑗 − 𝑈𝑖𝑗)2

(a)Noisy Image (b)New Method

(c)Hard Threshold (d)Soft Threshold

(e)Mean Filter (f)PM

(g)Heat Equation (h)AMSS

Fig. 1. Image processing of image de-noising with Gaussian noise
of standard deviation 20

where 𝑈𝑖𝑗 denotes the pixel values for restored image,
respectively. The comparison results of PSNR with dif-
ferent noisy derivation(ND) 15, 20, 25 are listed in Table
1. The visual effect of MT and ST in Fig.1 is poor, so
their PSNRs are omitted.

From Fig.1, we can see that the new method has
a better visual effect. With the increasing of noisy
deviation, the data in Table 1 imply that the PSNR
of new method is higher than other methods, which
is in agreement with Fig.1. Therefore, the new method
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(c)Hard Threshold (d)Soft Threshold

(a)Noisy Image (b)New Method

(g)Heat Equation (h)AMSS

(e)Mean Filter (f)PM

Fig. 2. Image processing of image de-noising with Gaussian noise
of standard deviation 20 and 0.02 salt & pepper

possess certain advantages in image de-noising.

V. CONCLUSION

A new PDE was derived to recover the blurred image
through analyzing and applying properties of scale space.
From the above analysis and proof, the image restoration
of new method is in the whole, stable and easy to
calculate. It is noting that the new equation consists of
curvature and modified curvature, which is different from
previous. This compensates for the deficiency that tradi-
tional methods about curvature don’t recover image with

TABLE I
COMPARISON OF PSNR WITH DIFFERENT NOISY DEVIATION

ND HT HCE PM AMSS New Method

15 25.8205 26.0090 28.4179 27.9462 28.4956

20 25.0360 25.8576 25.5223 25.8495 27.0711

25 24.4123 25.6471 25.5981 24.1273 26.1176

salt and pepper noisy. The experiment results including
visual effect and PSNR all show the new method is
superior to the tractional methods, which are coincident
with theory analysis.
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