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Abstract—Previous Multiple Kernel Learning approaches
(MKL) employ different kernels by their linear combination.
Though some improvements have been achieved over methods
using single kernel, the advantages of employing multiple
kernels for machine learning are far from being fully
developed. In this paper, we propose to use “high order
kernels” to enhance the learning of MKL when a set of original
kernels are given. High order kernels are generated by the
products of real power of the original kernels. We incorporate
the original kernels and high order kernels into a unified
localized kernel logistic regression model. To avoid over-fitting,
we apply group LASSO regularization to the kernel
coefficients of each training sample. Experiments on image
classification prove that our approach outperforms many of
the existing MKL approaches.

Keywords-Multiple Kernel Learning; High Order Kernels;
Image Classification.
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Kernel methods such as SVM have been widely used in
almost every aspect of vision research, such as object
categorization, scene classification, and action recognition.
Although combining kernel methods with single image
feature and kernel could achieve certain discriminating
power, it is far from being robust enough for classifying real
world images. The disadvantage of single kernel methods is
that they could only employ one certain aspect of visual
objects, while the visual objects are represented by multiple
visual properties, such as shape, color and texture.

To efficiently handle multiple visual properties of the
objects, Multiple Kernel Learning (MKL) [2, 6, 8, 9, 12] has
been proposed recently and applied to image classification.
The aim is approximating the best similarity measures by
optimizing the weights of the linear combination of a set of
kernels, and minimizing the objective function at the same
time. These approaches assign uniform weight to the kernels
among all the samples, which have restricted fusion
capability that is not be able to precisely describe the local
kernel combination property and the inherent nonlinear
relations of different kernels.

To improve MKL, two similar approaches are proposed
by [5] and [13]. The former assigns different kernel
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coefficients to each sample, while the latter assigns different
kernel coefficients to each pre-computed sample group. A
gating function is used to fit the kernel coefficients of each
sample or each group. Although both of them have achieved
good performance, it may be problematic since the
coefficients are not directly optimized but only the gating
parameters are estimated. No regularization is built for the
control of the solution of kernel coefficients. Moreover,
these two methods could not ensure global optimum.

The nonlinear relation has rarely been addressed in
previous studies. Intuitively, if the best kernel for the
classification model could be approximated by linear
combination of the original kernels, it should be more likely
that the kernel is the linear combination of original kernels
and high order kernels. We define high order kernels as the
products of real power of the original kernels. An example

for a second order kernel is O(x,y) = (K'(x,»)sK*(x,3))*’,

where K' and K* are the original kernels. High order kernel
could be a kind of kernel modeling the nonlinear inter-
relationship of the original kernels. It could also be referred
to boosting [4], where the strong classifier is likely to
produce better generalization when the weak learner pool is
larger. If we view a single kernel as a “weak learner”, high
order kernels can also be viewed as new weak learners
extending the “weak learner pool” by considering those
nonlinear inter-relationships.

We aim to improve Multiple Kernel Learning in this
paper by considering the above mentioned issues. Suppose
we have a dataset {x,y;}, »:,01{0,1}, 1<i<N with P original
kernels and R high order kernels. We denote K(x; ,x;) =
K (x; X)) K'(x; ,X;)] as the original kernel value and
O(x; ,x) = [0 (x; ,X)),..., OF(x; ,x))] as the high order kernel
value of the i and j samples. The proposed classification
model is formulated as:

F0) =0, +> a K. 0+ Q. x)

i=1

(M

a =[¢f,...of] and B, =[f....3"] are the unknown kernel
h

i=1

regression coefficients of the i” sample. Our approach
encodes the local property, but is different from [5] and [13],
as we directly optimize the kernel coefficients. Group
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LASSO is used for regularization to ensure the sparseness of
coefficients on group level to avoid over-fitting, which is
also favored by [1, 3, 7]. The block Coordinate Gradient
Descent method [11] is employed to minimize the loss
function composed by the negative log-likelihood loss and
the group LASSO regularization term.

The rest of the paper is arranged as follows. In Section 2
we introduce our high order kernel machine and optimization
method; In Section 3 we conduct experiments on both
synthetic dataset and image dataset; Conclusions are drawn
in Section 4.

II.  METHOD

A. High Order Kernels

Suppose we have P different original kernels as: K(x;, x;)
= [K'(i ,j),..., K°(i ,j)]. The high order kernel is defined as
follows:

P oP L2

0.@)=T](k"@p)" Y& =15pandr.gr20 (@)
p=l p=1

By this definition, the value between the /" and ;"

samples in the /" high order kernel is the product of the
power of original kernels. The value is determined by the r”

parameter @, =[6),...,0”]. Potentially there will be infinite

groups of 0, since they are real value, but in this paper, we
only use a small specific group of them so as to effectively
describe the nonlinear relationships of the original kernels,
and avoid the overwhelmingly many regression coefficients
to be optimized. The kind of high order kernels used in this
paper, which we call them as second order kernels are
defined as the square of the product of two original kernels:

0.5
0,3, ))=(K" (i, /)K" (i, )))
p:q9=1...P,p#q
It is very easy to prove that higher order kernels are also
kernels. For the original kernels K',... K", all of them could

be represented by the inner product of vectors within the
Reproduction Kernel Hilbert Space [10]:

K’ (x,5)=(8,(x),6,())

Therefore, the homogeneous polynomial of X, is also
kernel:

K (3 =(K"(x.9)" =(8,(x).,») .de R
According to the closure property of kernel [10], the product
of two kernels is also kernel. Therefore, the product of P
kernels is also kernel.

High order kernels show interesting properties, since
they are jointly determined by different original kernels and
their contribution is varied by different 0,. It not only
encodes the nonlinear relationships, but also provides a new
function of combining the discriminating power of the
original kernels.

Another important question arises here since we have
such a function to generate possibly infinite groups of high
order kernels, how could we choose the good ones that help
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to enhance the discrimination power of the original model?
The simplest way is to conduct cross validation on a set of
pre-generated high order kernels using specific groups of 0,.
This scheme is adopted in the experiments in our studies,
and we only use a set of second order kernels to demonstrate
the efficiency of our method. One may argue that a much
more favorable way is to automatically generate and select
good high order kernels by procedures similar to the weak
learner selection of boosting in each step. This issue is very
interesting and challenging. However, it is beyond our
consideration in this paper, and left to be answered in future
studies.

B.  Objective Function

The classification model is described in Eq. (1). We
adopt the negative log-likelihood loss function because it is
strictly convex:

L(a,B) = > log(I+exp(f(x )= 2, ¥,/(x)) (3)

The overall objective function to be minimized could be
written as:
N

2

i=1

N
C(a,B):L(a,BHl[ e, ||2+Z|B,»||2J )

j=1
In this function, each sample corresponds to two groups of
regression coefficients, a; and ;. Thus the coefficients to be
optimized are overwhelmingly large. By applying group
LASSO on all the coefficients o and B, we finally obtain a
model which is sparse on both sample level and feature
level. This is quite different from [1], [3] and [7], where the
model is only sparse on either feature level [1] [7], or
sample level [3]. Our formulation of group LASSO can not
only filter out those outliers, but also determine whether the
original kernel coefficients or high order kernel coefficients
are selected and optimized, which provides more flexibility

than any of the other approaches. We denote n=a or  for
the rest of the paper for convenience.

C. Block Coordinate Gradient Optimization

To effectively minimize C(n), we propose a new solution
based on the block Coordinate Gradient Descent (CGD)
method from Tseng et al. [11]. The method was also
employed in [3] and [7], solving group LASSO logistic
regression in different contexts.

Since the group LASSO regularization is not
differentiable everywhere, Tseng et al. suggest that a good
way of optimizing such problem is decomposing C(n) into
group-wise  differentiable ~ sub-problems.  Quadratic
approximation and line search is combined to optimize
every sub-problem. We elucidate the details as follows.

For each step, the loss function is firstly approximated by
Taylor expansion:

C(n+d)zL(n)+VL-d+%dTHd+ﬂZHn[+d[||2 )

where d denotes the direction in which 1 should be updated.
H is a diagonal matrix approximating the Hessian of L(n)



with the form H =diag(H,,....H,,) . and H, =41 with
h, = max(diag(V;L),107) .

Since H is diagonal and separable, we alternatively
optimize the decomposed sub-problems:

C=L(W)+V,Ld +2d/H +2n+d [, ©)

When||V,L-hn, |,< A, it means that setting 1,=0 would
minimize C;, therefore n;(++1) = 0. Otherwise:
V.L-hn,

i 11]1 :| (7)
” ViL - h,ﬂi ”2
Then n; is updated by ni(#+1) =n;(¢) + a(f)d;. a(t) is the step
size determined by Armijo rules satisfying:

a(t)=min[0°,4",..,8'1,0< 5 <1,/ >0
st. C(n; +a(®)-d,)-C(m,)<oa@) | VC || ®)

where [|VC,|l==d, VL, +A(n, +d, [, =0, [},) . In our

experimental setting, we set / = 20, 0 = 0.618, and 6 = 0.5,
ensuring both efficiency and search precision. For the
unregularized bias, it is directly optimized by:

d =-H {VI.L -1

dy=—

V,L
0 hL’ o,(t+) =0, (1) +d, )
0
We outline the procedure in Algo. 1.
After the training procedure, we can estimate how likely a

testing sample belongs to a class by computing the
probability p=(1+e /)" and hence find the most likely

class label. For an M class problem, we adopt one-vs.-all
scheme. The predicted label is the class corresponding to the
largest p.

Algo. 1: CGD solver for high order kernel machines
1: Initialize a(0), n(0), =1.
2: while Stop Criterion not meet and # <= ¢,,,, do

3:  For each group n;

4: Compute H(?), L and VL

5: If||ViL_hini(t)||2<ﬂ’

6: Set ni(++1)=0

7: else

8: Get optimal d(¢)

9: Get optimal a' using Armijo line search
10: Set n(#+1) =n(?) + @' d(?)

11: end if

12: end For

13: Update a(?) by (9).

14: end while

15: Output: classification model f with coefficients
apN=aorf

III. EXPERIMENTS

A.  Analysis on Synthetic Data

To show the property of our method, we firstly generate a
synthetic dataset with 200 positive samples of one Gaussian
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Fig. 1 (a) distribution synthetic data, red points represents class 1
and blue for class 2. (b) Convergence rate of HOK (red) vs. HFM
(blue) when 2=0.05.

and 400 negative samples from 4 Gaussians respectively, as
is shown in Figure 1 (a). We calculate three types of original
kernels using inner product, polynomial kernel and RBF
kernel respectively. We also calculate three types of second
order kernel as:

0 =(K*K,)", 0, =(K,*K;)*", and O, = (K,+K;)"’.
The data distribution and training convergence curve of
HFM [3] and ours (HOK) are shown in Fig. 1(a) and (b)
respectively. Note that in HFM no high order kernel is
employed. From Fig. 1(b) we see that both methods
converge very rapidly, due to the powerful block CGD
solver. But ours produce slightly better results for each step
since high order kernels are introduced. One more
observation for our method is that it usually uses less than
half of iteration times to reach a predefined threshold than
HFM.

We make a further investigation on how the original
kernel regression coefficients and high order kernel
regression coefficients are chosen under different A values.
We repeatedly generate the data for 10 times. The statistics
of non-zero coefficients and the negative log likelihood loss
compared with HFM [3] are listed in Table 1.

We notice that when A is small, our method performs
better than HFM since more original kernel and high order
kernel coefficients are chosen. But if A is too small, there is



almost no regularization and over-fitting is likely to occur.
When A is large, HFM performs better than ours. The non
zero elements in our method are less than HFM. It is heavily
penalized by the group LASSO regularization.

TABLE L STATISTICS OF NON-ZERO COEFFICIENTS AND LOSS
Average: %Original %High order L(n)
HFM (A=0.01) 89.2% / 67.8
HOK (2=0.01) 79.0% 64.7% 60.7
HFM (2=0.02) 69.0% / 68.3
HOK (2=0.02) 53.7% 42.3% 62.7
HFM (1=0.05) 39.3% / 71.3
HOK (1=0.05) 30.5% 19.0% 66.1
HFM (A=0.1) 23.8% / 71.8
HOK (2=0.1) 16.2% 10.7% 69.9
HFM (A=0.2) 16.8% / 72.8
HOK (1=0.2) 6.3% 5.7% 73.0

B.  Experiment on Image Dataset

We conduct our experiment on Wikipedia-MM data
which is also used in [13]. This dataset contains 33 image
classes. We compare our results with HFM [3], GS-MKL
[13], and other three MKL methods whose results are
computed in [13]. We adopt the same experiment setting as
[13]. In our method, five original kernels and six second
order kernels are computed by:

0= (Kz 'K3)0'5 0,= (Kz'K4)0'5 Q3 = (KZ'KS)O'S
0, = (K;*K,)"™ 05 = (K;+K)™ O = (K, +K)™

We set A = 10” for both HFM and HOK, the average
accuracy and standard deviation (figures in brackets) for
different size of training samples per class are show in Table
II. We see that our method has achieved improvements over
HFM, which proves the effectiveness of high order kernels.
By setting different initial coefficient values, the standard
deviation of both HFM and ours are smaller than other
approaches, which emphasize the stability of our method.
Our method also outperforms UMK, SIM [8], and LMK [5].
GS [13] performs the best in this dataset. But compared to
all the other approaches, the performance of our method is
most stable.

IV. CONCLUSION

In this paper, we propose an effective method to use high
order kernel for multiple kernel learning when the original
kernels are provided. High order kernel not only encodes the
nonlinear relationships of the original kernels, but also
combines their discriminative power. We incorporate the
original kernels and high order kernels into a unified
localized kernel logistic regression learning framework.
Experiments on synthetic data and image data show the
advantage of our method. The nonlinear relationships of
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kernels as well as the methods of efficiently generating and
selecting high order kernels will be studied in future.

TABLE II. PERFORMANCE OF SIX MULTI-KERNEL BASED
METHODS (AVERAGE ACCURACY % /G)

N, 10 15 20 25 30
UMK | 389(7) | 42.0(6) | 44.8(5) | 47.0(5) | 49.2(4)
SIM | 45.0(1.0) | 50.1(.8) | 54.3(8) | 56.1(.7) | 58.2(.6)
LMK | 47.3(1.6) | 53.4(13) | 56.2(.9) | 57.8(1.1) | 60.5(1.0)
GS 492(1.2) | 56.6(1.0) | 61.0(1.0) | 64.3(.8) | 67.6(.9)
HFM | 46.7(3) | 54.1(2) | 56.4(3) | 58.8(2) | 62.9(.2)
HOK | 48.6(3) | 54.9(2) | 58.2(2) | 60.7(1) | 63.5(.1)
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