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ABSTRACT 
In this paper, we present a new method for texture classification 
which we call the regularized simultaneous autoregressive 
method (RSAR). The regularization technique is introduced. 
With the technique, the new algorithm RSAR outperforms the 
traditional algorithm in texture classification. Particularly, our 
new algorithm is useful for extracting texture from the image 
which is coarse or contains too much noise. 

where I  is all the neighboring pixels of the pixel s , 
( )sε  is an independent Gaussian random variable with 

zero mean and variance . 
2σ ( ) Irr ∈  ,θ , are the model 

parameters characterizing the dependence of a pixel to its 
neighbors, and µ  is the bias which is dependent on the 
mean gray value of the image. All 

parameters , , σµ and ( )rθ  can be estimated from a 
given window (sub image) by the least square estimation 
technique or the maximum likelihood estimation method. 
As we have noted that this kind of estimation is unstable. 
Other researchers have also made some research on SAR 
model. J Mao and A K Jain proposed the multi-resolution 
simultaneous auto-regressive model to enable multi-scale 
texture analysis [5]. In [3] [6] [4], the comparison of the 
MRSAR features with other features using Brodatz texture 
images had been made. However they did nothing to 
improve the quality of the SAR estimation model. 
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1. INTRODUCTION 
Texture plays an important role in image processing. It 
provides information for recognition and interpretation for 
human beings. There are many research works on texture 
analysis, such as texture classification and texture 
segmentation (see [2] [5] [9]). The algebraic methods are 
mainly the least square error (LSE) and the maximum 
likelihood estimation (MLE) method. It is well known that 
the texture model is in fact a kind of discrete operator 
equations. The coefficient matrix is very ill-conditioned. 
To get a stable texture analysis, LSE is infeasible. This 
method is unstable even in the noiseless case. MLE is a 
little better than LSE, but it cannot give us any estimation 
even in the simplest case (see [8]). Furthermore, MLE is 
much more time-consuming. Therefore, we take LSE as 
the basic model and resort to other stable methods. 
Regularization is such a technique introduced by 
Tikhonov and Arsenin in their famous book [7]. Originally 
this method is for linear and nonlinear integral equations 
of the first kind. These equations are known to be ill posed 
in the sense of Hadamard [1]. Numerically, the computer 
can only deal with discrete data. Hence we have to 
transform the continuous problem into discrete problem, 
i.e., the discrete ill-posed problems. The SAR model is an 
example of discrete model of ill-posed problems. Let 

 be the gray level of a pixel at the position  

 in an  image . 
The basic SAR model for image texture is usually in the 
form  

( )sg
s = ( )21, ss mm × ( mss ,,2,1, 21 L=

In this paper, we will use the regularization technique to 
tackle the parameter estimation in texture classification 
problems. We demonstrate that solution of the regularized 
simultaneous auto regressive model (RSAR) is better than 
which from the least squares error method. The paper is 
organized as follows: in section 2, we describe that how 
the RSAR works and the related problems. In section 3, 
numerical simulation is performed based on the texture 
image from Brodatz album. Finally, in section 4, we give 
some discussions and future research. 

2. RSAR TEXTURE CLASSIFICATION 

)
We usually use the spatial relations among neighboring 
pixels to characterize the texture. A main class of model 
for specifying the underlining interaction among the given 
observation is the SAR model in the form (1), where all 

parameters , , σµ and ( )rθ can be estimated by LSE or 
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MLE. The parameters ( )rθ  are usually used for texture 
classification and segmentation. But as we have said, the 
above two methods are not stable. Therefore, we prefer the 
regularization method, which transfer the ill-conditioned 
system into a well-conditioned system.  
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2

2l

uθ
serves as the stabilizer, α  is the parameter 

to balance the bias between the original and the new 
problem. α  can also be considered as the Lagragian 
parameter for the constrained problem 

What we are interested is to estimate the parameter ( )rθ , 
which characterizes the texture of the given image. Clearly, 
(1) can be written as 

( ) 2

2

~min
l

uu gGJ µ
εθθ −=

 
(8) 

bu ≤θ s.t.
 

(9) ( ) ( ( ) µθ ε −+∑
∈

ssgr
Ir  

(2)  

where ( ) ( )sgsgε = . We assume that ε  is 

random variable and )2,σε . 

where is the upper bound for the solution . b uθ

If we denote the singular system of asG { }iii yx ,;λ , i.e., 

Notice that s IIrmsss   ,  ,,,2,1,, 21 ∈== L

s
 

is the neighboring pixels at the position . Then (2) can be 
written as 

iii xGy λ=
 (10) 
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 and the singular values satisfy 021 ≥≥≥ Lλλ . Thus  

the solution can be expressed as 
and each is in the form of . For different r and , (3) 
form a linear equation 
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Now it is clear that ( ) iixg λµ
ε /,

i

grows very quickly for 

small singular valuesλ and the instability occurs. This is 
the reason that we introduce regularization in this context. 

with
( )ijgG =

 the matrix and  the corresponding 
vectors. 

µ
εθ gu   ,

In theory, we can estimate the parameter by solving the 
above equations. But we must keep in mind that, the direct 
methods should be avoided. (4) can be considered as a 
discrete linear operator equation. The matrix G is very ill-
conditioned. We must resort to new stable technique. 

uθ
Solving (7) leads to the following equation: 

µ
εαθθ gGGG tuut =+

 
(13) 

Notice that the parameter 0>α can be chosen by user, 

hence the coefficient matrix G (Eα+Gt E is the identity 
matrix) can be positive definite. Therefore the Cholesky 
decomposition can be employed to get the solution. In the 
following, we will describe the method for solving 
equation (13). 

For (4), we consider the minimization problem 

( ) 2

2
min

l

u gGJ µ
εθ =

 
(5) 

However this formulation is still unstable. Because it is 
equivalent to the normal equation 

µ
εθGG ut =

 
(6) Assume that the Cholesky decomposition of the matrix 

 as EGGt α+
Now it is self-evident that ( ) ( )GcondGGcond t > , 
hence the problem is much more ill-conditioned. To 
overcome this problem, we introduce the regularization 
technique, i.e., instead of (5), we solve the minimization 
problem 

tt LDLEGG =+α   

where  is the lower triangular matrix with the diagonal 
elements all ones and D  is the diagonal matrix. With 

such configuration, the parameters are solved though 
the following two systems: 

L

uθ( ) 22

22 22
1min

l

u

l

uu GJ θαθθ +=
 

(7) 

IV-106



µ
εgGLv t1−=

 
(14) 

vDL tu 1−−=θ  (15) 

Note that L  is the triangular matrix, the cost of 
computation of the above tow linear system is very small. 
Overall, the cost of Cholesky decomposition is 

about ( )6/3nO . For current computer, the amount of 
computation is reasonable. The algorithm is described as 
follows; 

Algorithm 2.1 (Regularized SAR) 

STEP 1 FactorG ; 
tt LDLEG =+α

STEP 2 Solve ; 
µ
εgGLv t=

STEP 3 Solve . vDL u =θ

3. NUMERICAL SIMULATION 
We use the basic SAR model 
for textured images, see 
equation (1). For our problem, 
the parameters are determined 
by the choice of the 
neighborhood I and the 
choice of the window size. 
Here, for convenience, we 

choose a simple second-order neighbor-hood as shown in 
Figure 1. The parameter θ is estimated using 25× 25 
overlapping windows. 

To be simple, the SAR model used here is rotation-variant, 
which means that when image rotates, the model 
parameters also change. Clearly, our algorithm is also fit 
for rotation-invariant model. 

We tested all images in Brodatz album, here we give 
example for a group of images. Each image belongs to 
different class (see Figure 2-Figure 11). In each figure, the 
left is the original image, the middle is the texture 
classified by LSE, and the right is the texture classified by 
RSAR. For the algorithm RSAR, the choice of the 
parameterα is apriori. Here we chose 01.0=α . α can 
not be too large or too small. A very largeα leads to a 
well-conditioned system, but it is a poor approximation to 
the original problem; a very small α leads to a well 
approximation, but the perturbation caused by noise is still 
activated. Usuallyα is chosen between 0 and 1. In our 
image, the horizon axes represents the eight textures 
coordinates; the vertical axes represents the corresponding  

texture whose value at a pixel is the model parameter 
( )rθ   and is scaled to 0-255 for the purpose of display. 

α

Figure 2-Figure 11 list the plot of the textured images 
from different class. In table 1 and 2, we compute the 
norms of the results from LSE and RSAR respectively. 
Very large norm values mean that the results are far away 
from the true value and the corresponding algorithm is 
unstable, which also means that the texture of the image 
may be very coarse or contains too much noise. Small 
norm values mean that the results are better and the 
corresponding algorithm is stable. Clearly, we can see 
from the table and these figures that the textures classified 
by RSAR are better than that from LSE. In figures 2, 3, 6, 
8 and 9, almost no texture is classified by LSE. The norm 
values are quite large. But all of these can be overcome by 
RSAR. The texture classified by RSAR is satisfactory; the 
norm values are also small. In figures 4, 5, 7, 10 and 11, 
both algorithms can give us satisfactory results. The 
texture classified by LSE is a little clearer than RSAR, we 
think this is due to these images are “good” themselves. 
But we have noted that the parameter α =0.01 is not 
optimal. If we adjustα  appropriately, the results obtained 
by RSAR will be better.   (-1,1) (0,1) (1,1) 

(-1,0) (0,0) (1,0) 

(-1,-1) (0,-1) (1,-1) 

Figure 1: The second-order 
neighborhood for pixel at 
site (0, 0) 

4. CONCLUSION 
The new algorithm RSAR presented in this paper is useful 
for texture classification, especially for the images with 
coarse texture or containing too much noise. In our 
experiments, the window we choose is 25×25. Clearly, 
the size can be larger. But the cost of computation will 
increase enormously. We consider other optimization 
technique may be used there. The choice of the parameter 

 is a delicate matter. In our tests, the choice of α as 
0.01 is not optimal. The best value of α  should be 
matched with the error due to noise and machine 
truncation. But this is difficult to do. All of these are our 
future work. 
 

Table 1: The norm of the data from LSE and RSAR (d001-d005) 

 d001 d002 d003 d004 d005 
LSE 1.18×106 2.8×105 40.71 41.85 1.33×103

RSAR 115.12 49.41 136.30 136.27 99.23 

Table 2: The norm of the data from LSE and RSAR (d006-d010) 

 d006 d007 d008 d009 d010 
LSE 56.41 625.76 2.28×103 28.51 34.32 

RSAR 107.91 167.38 25.52 111.64 122.72 
 

IV-107



Figure 2: Comparison of the LSE and RSAR for d001 
 

Figure 10: Comparison of the LSE and RSAR for d009 

  
Figure 3: Comparison of the LSE and RSAR for d002 Figure 11: Comparison of the LSE and RSAR for d010 
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Figure 8: Comparison of the LSE and RSAR for d007  

 

Figure 9: Comparison of the LSE and RSAR for d008 
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