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Foreground detection is one of the key steps in computer vision applications. Many foreground and back-

ground models have been proposed and achieved promising performance in static scenes. However, due to

challenges such as dynamic background, irregular movement, and noise, most algorithms degrade sharply

in complex scenes. To address the problem, we propose a motion-aware structured matrix factorization ap-

proach (MSMF), which integrates the structural and spatiotemporal motion information into a unified sparse-

low-rank matrix factorization framework. Technologically, it has three main contributions: First, a variant of

structured sparsity-inducing norm is proposed to constrain both structure and sparsity of foreground. The

model is robust to the statistical variability of the underlying foreground pixels in complex scenes. Second, to

capture the ambiguous pixels, a spatiotemporal cube-based motion trajectory is extracted for assisting ma-

trix factorization. Finally, to solve the optimization problem of structured matrix factorization, we develop an

augmented Lagrange multiplier method with the alternating direction strategy and Douglas-Rachford mono-

tone operator splitting algorithm. Experiments demonstrate that the proposed approach achieves impressive

performance in separating irregular moving foreground while suppressing the dynamic background and the

noise, and outperforms some state-of-the-art algorithms.
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1 INTRODUCTION

Foreground detection is the first step for many computer vision applications, such as traffic moni-
toring, video surveillance, and augmented reality [38, 57]. Technologically speaking, its objective is
to separate moving objects (a.k.a. foreground) from the static scene (a.k.a. background). However,
to accurately detect moving objects from a complex scene is a very challenging task due to var-
ious issues involved such as irregular moving objects (e.g., lingering object, slow-moving object)
or background changes (e.g., waving trees, water surface) [4, 34].

In the past decades, a number of foreground detection methods have been proposed. Among
them, background subtraction methods [2, 13, 18, 20, 27, 34, 37, 45, 55] are the majority. In
such methods, the background is usually assumed to be stationary, and various methods have
been utilized to model the background and separate the foreground objects by thresholding the
difference between the estimated background model and the current image. Gaussian mixture
model (GMM) was proposed in Ref. [62] to model each pixel by a weighted mixture of Gaussians.
In Ref. [13], the kernel density estimate (KDE) method was proposed for background modeling.
By randomly selecting the neighborhood pixels as the background subset, Barnich et al. [2] pro-
posed Visual Background Extractor (ViBe) to model the background. The work in Ref. [20] intro-
duced Local Binary Patterns (LBP) to capture the background statistics of each pixel. In Ref. [55],
Hofmann et al. proposed the pixel-based adaptive segmenter (PBAS) by using a feedback-based
scheme to update the background model. In addition, block correlation [37], group sparsity recov-
ery [34], Fused Lasso [35], and codebook model [27] were also used for modeling background. For
more details, please refer to two recent overviews on background modeling [4, 6]. Meanwhile, deep
learning based methods have also been proposed for foreground detection [1, 39, 50]. Babaee et al.
[1] used a deep convolutional neural network (CNN) framework to perform the segmentation.
In Ref. [50], a multi-resolution CNN with a cascaded architecture was introduced for segmenting
foreground moving objects. Chen et al. [39] designed an end-to-end CNN architecture for simul-
taneous background modeling. Compared with the unsupervised method, the deep learning based
method has better performance, but it needs a lot of labeled training data, which might not always
be available.

Recently, Robust Principle Component Analysis (RPCA) [7, 51] has increasingly attracted at-
tention in foreground detection. This method is based on a very nice idea that the observed
matrix can be decomposed into a sparse matrix and a low-rank matrix, which model the fore-
ground and background, respectively. The only assumption is that the background is static and,
thus, has the low-rank property. The decomposition can be solved via Principal Component Pur-
suit (PCP) [7], so that one can perfectly recover the sparse matrix and low-rank matrix. Wright
et al. demonstrated the promising performance of PCP on foreground detection by using l1-
norm to model the foreground and, consequently, separating moving objects from the static
background.

However, the scenarios are influenced by complex factors in practice (e.g., dynamic background,
camouflage, and lingering objects shown in Figure 1). PCP cannot offer a satisfactory result since
l1-norm does not make full use of the nature of the spatiotemporal continuity of foreground. In
the scenario of camouflage, the intensity of the foreground pixels and the background pixels is
similar; thus, the l1-norm and rank constraint are easy to mistake foreground pixels as low-rank
background. Moreover, in the scenarios of lingering objects, the foreground pixels may also have
low-rank characteristics on columns of the observed matrix, where each frame is represented as a
column vector. Therefore, it is difficult for the original RPCA model to deal with these scenarios.
The existence of dynamic background also causes a challenge to the model because it cannot effec-
tively distinguish between dynamic background and foreground. Consequently, as the assumption
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Fig. 1. The perspectives and challenges of foreground detection.

may be violated when dealing with complex scenes, the original RPCA model fails to separate exact
foreground from the background.

In general, most of the object detection methods only focus on the pixel intensity, but do not
consider other information. As a consequence, it may fail to separate ambiguous foreground such
as irregular moving or camouflage objects (see Figure 1). To improve its performance in complex
scenes, more prior information should be incorporated into the detection model.

To address the challenges mentioned above, we propose a novel motion-aware structured matrix
factorization approach (MSMF). In a video-oriented point of view, we are interested in the spatial
distribution of objects at each point in time; this can be illustrated as a series of spatiotemporal
motion trajectories, where there are a number of points with respective motion vectors (direction,
speed). Although some objects may remain motionless for a long time duration (e.g., lingering ob-
jects), their trajectories in spatiotemporal space are continuous. We look at the distribution of the
objects in spatiotemporal domain and introduce the motion vector and grey intensity to extract the
cube-based spatiotemporal motion trajectories of the foreground. In order to recall the lingering
objects, the motion trajectories should contain as much foreground information as possible. Then,
the spatiotemporal motion trajectory is further integrated in the proposed structured sparsity-
inducing norm. The structured sparsity constraint and total variation regularization suppress the
effects of noise and dynamic background, and the lingering objects are reasonably highlighted.
Meanwhile, by combining the lq structure sparsity and total variation regularization, the accu-
rate foreground boundaries are guaranteed. According to the experimental results, the proposed
method can handle most complex scenes in multiple datasets. The framework of the proposed
method is shown in Figure 2.

The main contributions of our method are summarized as follows:

(1) We propose a unified framework for foreground detection, which falls into the sparse-low-
rank matrix factorization category. A novel structured sparsity-inducing norm is proposed
to effectively exploit the properties of the spatiotemporal continuity and the sparsity of the
foreground. The model highlights the moving objects and suppresses complex background
regions.

(2) To capture the ambiguous pixels, a spatiotemporal cube-based motion trajectory is ex-
tracted for assisting matrix factorization. By enhancing the distinction between irregular
moving objects and background, the spatiotemporal motion trajectory improves the dis-
advantage of matrix factorization.

(3) The augmented Lagrange multiplier (ALM) method, with alternating direction
minimizing (ADM) strategy and Douglas-Rachford monotone operator splitting
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Fig. 2. Framework of the proposed method.

algorithm [10] is developed to effectively solve the proposed model. Experimental results
show that the proposed method outperforms some state-of-the-art algorithms especially
in complex scenes.

The rest of this article is organized as follows: Section 2 gives a review of related meth-
ods. In Section 3, we show the framework for the proposed motion-aware structured ma-
trix factorization algorithm. Experiments and discussions are presented in Section 4, and
a conclusion is given in Section 5.

2 RELATED WORK

Sparse-lowrank matrix factorization has a wide range of applications in computer vision [4]. The
most classical method is robust principle component analysis (RPCA). Suppose we have a sequence
of images M ∈ Rm×n×p (a video sequence captured by a fixed camera), where m × n is the reso-
lution of the video, and p is the total number of the frames. We then stack the sequence into an
observed matrix D ∈ Rmn×p . With the idea of matrix decomposition, RPCA via PCP [7] decom-
poses the observe matrix into two terms, as follows:

D = L + S, (1)

where L and S denote the background matrix and foreground matrix, respectively. PCP firstly
constrains the foreground matrix S by l1-norm and constrains the background matrix L by the
nuclear norm, which can be expressed as follows:

min
L,S
‖L‖∗ + λ ‖S ‖1 s .t .D = L + S, (2)

where ‖·‖∗ means the nuclear norm (i.e., the sum of its singular values), while ‖·‖1 denotes the
l1-norm.

In recent years, several variants of low-rank and sparse models have been proposed to improve
the performance of RPCA. In the earliest low-rank and sparse methods, no prior knowledge on the
spatial or temporal foreground distribution is considered. As a pioneer work, Zhou et al. developed
a framework of DEtecting Contiguous Outliers in the Low-rank Representation (DECOLOR) [60]
which incorporated the spatial prior on foreground with the Markov random field (MRF). How-
ever, this constraint would tend to enforce the foreground regions over-smoothed. Ding et al. [11]
proposed a Bayesian RPCA framework and introduced the Markov dependency to constrain the
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spatial and temporal continuity between frames. Similarly, Zhao et al. [58] proposed a generative
RPCA model based on the Bayesian framework, in which the noise was modeled by a mixture
of Gaussians. In Ref. [9], Total Variation regularized RPCA (TVRPCA) was used in moving object
detection and could effectively remove discontinuous changes. Tang and Nehorai [46] proposed
a block-based PCP method via a decomposition that enforced the low-rankness of one part and
the block sparsity of the other part. In Ref. [15], Gao et al. introduced a two-pass RPCA process
in which the result of the first-pass RPCA was utilized to estimate the motion saliency that was
used to support the second-pass block-based RPCA step and ensure all the changes caused by the
foreground motion would be detected. In Ref. [56], Ye et al. employed a step of dense motion es-
timation with anchor frame selection to assist the foreground detection. In another research [52],
the foreground regions of image are considered as a graph partitioning problem that can be solved
by Generalized Fused Lasso (GFL). In addition, there are some other techniques that also utilized
the spatial prior constraint in the low-rank model, such as Bayesian Robust Matrix Factoriza-
tion [49] and the Three-Term low-rank matrix Decomposition (3TD) [40]. However, most of the
above methods degrade sharply while detecting the irregular moving or camouflage objects.

Our work is established in the structured sparsity (a.k.a. group sparsity) to incorporate the tem-
poral and spatial priors simultaneously. Recently, some approaches have developed and used the
structured sparsity in matrix factorization for foreground detection. A class of structured spar-
sity similar to our work is the structured sparsity-inducing norm. In Ref. [33], Liu et al. employed
a overlapping l2,∞-based structured norm to model foreground and consequently achieved im-
proved results. Ebadi et al. [12] introduced the tree-structured norm with three layers into the
RPCA model to estimate accurate foreground boundaries. With a superpixel-based pre-process
as input, the tree-structured norm performs well in modeling foreground. However, the above
structured norm-based approaches only consider the enhancement of the spatial structure of the
foreground, and does not consider the temporal information.

On the other hand, some approaches introduced the graph-based structured sparsity into the
RPCA framework, which consider spatial and temporal information comprehensively. In Ref. [24],
Javed et al. first computed a motion matrix via optical flow and obtained inter-frame and intraframe
graphs to preserve geometric information in the low-rank components. In Ref. [23], Javed et al. pre-
sented a spatiotemporal low-rank modeling method that encoded spatiotemporal constraints by
regularizing spectral graphs on dynamic video clips for estimating the robust background model.
By introducing Laplacian matrices of graph structures Ref. [22] incorporated the spatial and tem-
poral sparse subspace clustering into the low-rank model, and the recall and precision were highly
improved. In Ref. [21], Javed et al. improved moving object detection in the presence of complex
background by integrating the RPCA objective function and spatial and temporal graph Lapla-
cians to constrain the structure of the sparse components. Zheng et al. [59] introduced a graph
to constrain the foreground structure and developed a multi-integration technique to incorporate
both spatial and temporal information.

Most of the above spatiotemporal constrained methods are based on the graph-based foreground
model. This idea has been successfully applied and greatly improved detection performance in
complex scenes. Different with the above graph-based models, this article proposes a foreground
model based on the structured sparsity-inducing norm (see Equation (6)), which consists of lq
sparsity regularization, the group sparse constraint, and the smoothing term based on TV regu-
larization. Meanwhile, a cube-based spatiotemporal motion trajectory extraction method is pro-
posed to recall the lingering and camouflage objects. By associating the spatiotemporal motion
trajectory with the proposed structured sparsity-inducing norm together, the regularization terms
can achieve the most complementary, thus making foreground detection more precise in com-
plex scenes. Based on the Douglas-Rachford monotone operator splitting algorithm, we propose
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Fig. 3. The explanation of spatiotemporal motion trajectory (SMT). (a) The cubes with high probability of
motion (P1...Pm ) are separated by Equation (3). Then, for each cube that is adjacent in time, the motion
trajectory can be determined according to the motion direction and speed. (b) The example video sequence
(left) and the heat map of the extracted spatiotemporal motion trajectory (right).

an effective method to solve the proposed norm. Experimental results on the CDnet dataset show
that our method has comparable performance with the state-of-the-art methods Motion-assisted
Spatiotemporal Clustering of Low-rank (MSCL) [22] and Batch Super-pixel based Spatiotemporal
Structured-Sparse RPCA (B-SSSR) [21].

3 PROPOSED METHOD

3.1 Spatiotemporal Motion Trajectory (SMT) Extraction

The proposed algorithm for calculation of the spatiotemporal motion trajectories (SMT) is a gener-
alization of the widely used probability-based approach [45]. In order to generate the intermediate
representation of the data that is less noisy and more suitable for mining potential motion pixels,
we define the Rx × Ry × Rt spatiotemporal cube (see Figure 3). In our task, we are only interested
in the cubes that correspond to moving objects. For a video sequence, we calculate the probability
and extract the motion cube using a probabilistic model. This probability represents the possibility
of that cube belonging to a moving object in both space and time.

For static scenes, the intensity distribution is well fitted by a Gaussian model for each cube
separately [45, 62]. However, unfortunately, in complex scenes, it usually contains dynamic back-
ground and foreground motion simultaneously, and the Gaussian model will be severely disturbed.
To solve this problem, the motion information should be introduced [17]. In the motion domain,
the motion vectors of the background at a fixed location usually have the following cases: (1) close
to zero (static background), (2) periodically alternate in opposite directions (dynamic background
such as waving trees), and (3) maintain a nearly constant value (dynamic background such as wa-
ter ripples); thus, the variance and mean are statistically stationary in a video sequence and are
quite different from those of the foreground.

From the probabilistic view, for a background cube, both the motion vectors and intensity should
be well fitted by Gaussian probability distributions. Therefore, the foreground cube can be sepa-
rated by a mix Gaussian distribution shown in Equation (3). The cube with large Pf values can be
checked out as foreground:

Pf = 1 − (aP (Mh |μh ,σh ) + bP (Mv |μv ,σv ) + (1 − a − b) P (I |μI ,σI )), (3)

where P (Mh |μh ,σh ) and P (Mv |μv ,σv ) denote the Gaussian distributions of motion vector in the
horizontal and vertical direction, respectively; P (I |μI ,σI ) denotes the Gaussian distribution of
gray intensity; a and b are weights for different models. The motion vector can be estimated by
the optical flow [5] between consecutive frames.
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An important property of the spatiotemporal motion trajectory is that it illustrates continuity
of movement in both space and time [17, 28]. For each cube in the current frame, we exploit
the temporal coherence measurement of the correlated cubes in the previous frame to predict its
movement, and then adjust the motion probability. This procedure favors continuous motion and
will strengthen irregular moving objects between consecutive frames even if the moving objects
are stopped.

The temporal coherence measurement is implemented as a cube-based matching technique. For
the lth cube Cl

k
in the kth frame Fk , the projected region in the next frame Fk+1 is determined

by Mov
l
k

, where Mov
l
k

is the mean of motion vector in cube Cl
k

. In frame Fk+1, the one with the
shortest distance to the projected region is selected as the most matched cube Cmatch , using the
following criterion:

Cmatch = arg min
Ck+1∈Fk+1

���C
l
k +Mov

l
k −Ck+1

���2
(4)

In summary, the tracks of the trajectories through the cube provide information on optical flow
and routes through space, and illustrate how objects move from one location to another within
space, which highlights the temporal coherence of foreground and significantly improves the per-
formance of matrix factorization.

3.2 Structured Sparsity-Inducing Norm for Modeling Foreground

In foreground detection applications, the sparse variables (foreground) tend to cluster together;
thus, the nonzero entries in sparse variables should be selected in groups rather than individ-
ually [33]. In recent advances of foreground detection, the sparsity-inducing norms called l2,∞
norm [33] and tree-structured norm [12] are used to model foregorund, which allow the penaliza-
tion of subsets of variables grouped together.

Our work is based on l2,1 norm [31], which is defined as ‖A‖2,1 =
∑

j
���Aj

���2
, where Aj denotes

the jth column or group. At the group level, it behaves like an l1-norm, which induces the group
sparsity (each group is encouraged to go to zero); on the other hand, the l2-norm does not promote
sparsity within the groups, but there is a weight to control the sum of variables in each group [25].
As a consequence, some of the variables associated with certain groups will be exactly equal to
zero; at the same time, the variables of each group are constrained by the weights. This character
makes it possible for foreground modeling.

However, there is a difficult problem to be settled: how to determine the groups and their weights
reasonably? Our goal is to identify the important groups as well as the important variables within
the selected groups. With the strict group sparsity constraint that encourages the groups tending to
be exactly equal to zero, the pre-defined groups and weights cause too much effect on the solution.
The original l2,1 norm is not suitable for foreground modeling in our framework, since it is difficult
to get the exact groups and weights beforehand. Instead, we propose a foreground model based on
the lq regularization (0 < q ≤ 1) and the sparsity-inducing norm. By imposing the lq-norm onto
each sparse entry instead of groups, and utilizing the l2-norm to constrain the variables in each
group, we define the foreground model as follows:

Ω(S ) = ‖S ‖q + ρ
д∑

i=1

��ωi ◦ SGi
��2 , (5)

where ‖·‖q is lq-norm (0 < q ≤ 1), ‖·‖2 denotes l2-norm, ωi is the weight of the group, and SGi
(i ∈

1, . . . ,д) are the pre-defined groups of variables. For two vectors u and v in Rp , we denote that
u◦v = (u1v1, . . . ,upvp )T ∈ Rp .
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Fig. 4. Comparisons of different foreground models. (a) The synthesized observed matrix in a 9×9 frame
(deep-colored grids correspond to variables with large values and light-colored grids correspond to small
values), and the matrix is divided into nine 3×3 non-overlapping groups. (b) The ground truth needs to be
recovered. (c) The result of l1-norm. (d)–(e) The results of the minimization of Equation (5) and Equation (6),
respectively. For easy illustration, the weight maps of Equation (5) and Equation (6) are set as the same
constant.

The sparsity performance can be enhanced by introducing reasonable groups and weights. Com-
pared to the original mixed l2,1 norm, the advantage of Equation (5) is, even in the case of inac-
curate predefined groups and weights, the distribution of sparse variables still can be guaranteed.
This makes the model suitable for dealing with complex environments. The matrix can be divided
into blocks as the pre-defined groups. The important groups will be highlighted and the vari-
ables of which will be selected with a high probability. The weight vectors of all groups form a
weight map, which can be determined by the spatiotemporal motion trajectory. This provides a
rough prior knowledge, which employs motion and time information as a complementary to the
intensity-based matrix factorization model, and thus highlights the temporal continuity.

Then, to simultaneously make the intra- and inter-group variables smoother and meet the spatial
distribution prior of foreground, the global spatial continuity constraint based on the TV regular-
ization is imposed on each frame of the video. It can significantly preserve the edge of foreground
and suppress noises. In Ref. [61], the effectiveness of the TV-based constraint has been proved,
which enables the model to cope with large noise and dynamic background, thus making the fore-
ground model more robust. With the spatial continuous constraint, the foreground model is then
defined as follows:

Ω(S ) = ‖S ‖q + ρ
д∑

i=1

��ωi ◦ SGi
��2 +v

p∑

j=1

‖F (S j )‖TV , (6)

where S j represents the vector of the jth column of the foreground matrix, F : Rmn×1 → Rm×n

denotes the operator that reshapes the vector of the jth column back into the 2D m × n matrix,
ρ and v are the parameters to balance the strength between the group structure and the spatial
continuous constraint.

Equation (6) constrains both the spatial distribution of nonzero variables and the sparsity of
each variable. Moreover, the structural distribution of sparse variables can be guaranteed through
the structured regularization term. Figure 4 illuminates the advantage of the proposed foreground
model. Notice that the groups are non-overlapping in our approach. As shown in Figure 4(a),
we assume that the sparse entries of the observed matrix consist of a continuous trajectory that
corresponds to an object and several discrete variables that correspond to noise. In Figure 4(c),
the l1-norm encourages sparsity at the pixel level, and its result is significantly different from
the groundtruth shown in Figure 4(b). As for the foreground model in Equation (5), it guarantees
the sparsity of the independent variables at the pixel level and the group sparsity at the group
level simultaneously. Consequently, the detected foreground is strengthened while the noises are
reduced. Nevertheless, it cannot distinguish between large discrete noise and continuous object
variables. In Figure 4(e), the foreground model in Equation (6) combines the advantages of the
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structure and the spatial continuity, and keeps the sparsity of variables. The result shows that it can
highlight the foreground while improving the adaptability to complex environment. In Section 4,
the ablation experiments further prove the effects of separate regularization terms.

3.3 Structured Sparse-Lowrank Matrix Factorization Framework

In this section, we integrate the proposed structured sparsity-inducing norm into the RPCA frame-
work and propose an effective optimization method. Overall, the proposed method is based on a
low-rank approximation process. In practice, however, the noise and dynamic background pixels
might also appear as sparse errors in the sparse matrix S . Inspired by Refs [12] and [40], to im-
prove the accuracy of matrix factorization, an additional term needs to be introduced to model
these pixels, Equation (1) can be rewritten as:

min
L,S,E

Rank (L) s .t . D = L + S + E, ‖S ‖0 ≤ σ1, ‖E‖F ≤ σ2 (7)

By introducing the residual matrix E, the background matrix L and foreground matrix S can
avoid being contaminated by dynamic background and noise, thus the framework is more robust
to complex scenes. Consequently, the rank of L can be reduced, making it more consistent with
the assumption. However, the objective function (7) is NP-hard and nonconvex due to the noncon-
vexity of the rank constraint and the l0 norm [51]. To solve this problem, a common practice is to
replace l0 norm with the l∗ norm as stated in Ref. [7]; thus, Equation (7) can be transformed as the
following optimization problem:

min
L,S,E

‖L‖∗ + λ1Ω (S ) + λ2 ‖E‖2F s .t .D = L + S + E, (8)

where Ω (S ) is the proposed structured sparsity-induing norm shown in Equation (6), the parame-
ter λ1 controls the strength of the structured sparsity-inducing norm, and the parameter λ2 controls
the ability of the matrix E to store the residual noise. Based on the optimization Equation (8), the
task of moving object detection and background modeling can be completed by the low-rank and
sparse decomposition.

To solve the optimization problem Equation (8), the ALM based on the ADM is efficient and
accurate [30] (see Algorithm 1). Interested readers can refer to Lin et al. [30] for details of this
method. Briefly, the augmented Lagrangian function is defined as:

f (L, S,E,Y ) = ‖L‖∗ + λ1Ω(S ) + λ2 ‖E‖2F + < Y ,D − L − S − E >

+
μ

2
‖D − L − S − E‖2F ,

(9)

where μ is the penalty parameter, and Y is the Lagrange multiplier. Similar to Ref. [7], we intro-
duce an alternating direction strategy to optimize one variable while fixing others. It solves the
following three sub-problems:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪
⎩

Lk+1 = arg min
L
‖L‖∗ +

μ

2
‖L − (D − Sk − Ek + μ−1Y k )‖2F

Sk+1 = arg min
S

λ1Ω (S ) +
μ

2
‖S − (D − Lk+1 − Ek + μ−1Y k )‖

Ek+1 = arg min
E
‖E − (D − Lk+1 − Sk+1 + μ−1Y k )/(2μ−1λ2 + 1)‖2F

(10)

3.3.1 The Solver of L and E. The step for updating L can be solved by the following Lemma 1
proposed in Ref. [7].

Lemma 1. LetW ∈ Rmn×p be a given matrix; then the singular value decomposition (SVD) of a ma-

trixW of rank r is defined as follows:W = USrV
∗, Sr = diag ({σi }1≤i≤r ). The singular value shrink-
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age operator [7] then obeys

Dτ (W ) = arg min
X
‖X ‖∗ +

1

2
‖X −W ‖2F , (11)

where Dτ (W ) = UDτ (Sr )V ∗ and Dτ (Sr ) = diag {max ((σi − τ ) , 0)}.

By using Lemma 1, we can easily obtain the following optimization result:

Lk+1 = D1/μ (D − Sk − Ek + μ−1Y k ) (12)

As for the solution of E, a closed form is shown in Equation (10), which can be updated by L
and S .

3.3.2 The Solver of the Proposed Foreground Model. For estimating Sk+1, we first let Q =
D − Lk+1 − Ek + μ−1Y k . According to Equation (6), the above optimization can be represented as
following:

Sk+1 = arg min
S

λ1

μ
‖S ‖q +

ρλ1

μ

д∑

i=1

��ωi ◦ SGi
��2 +

vλ1

μ

P∑

j=1

‖F (S j )‖TV +
1

2
‖S −Q ‖2F (13)

For convenience of description, Equation (13) is further converted into Equation (14):

S∗ = arg min
s

γ1 ‖S ‖q + γ2

д∑

i=1

��ωi ◦ SGi
��2 + γ3

P∑

j=1

‖F (S j )‖TV +
1

2
‖S −Q ‖2F , (14)

where γ1 =
λ1

μ
, γ2 =

ρλ1

μ
, and γ3 =

vλ1

μ
. In order to solve Equation (14), the following Lemma is

introduced.

Lemma 2. Suppose we have

Ŝ = arg min
s

γ1 ‖S ‖q + γ2

д∑

i=1

��ωi ◦ SGi
��2 + γ3

P∑

j=1

‖F (S j )‖TV +
1

2
‖S −Q ‖2F (15)

The solution of S∗ can be achieved by element-wise thresholding operator such as S∗i = tγ1 (Ŝi ) for

i = 1, . . . ,p, where tγ1 (·) is different thresholding operator to solve lq regularization. For the case of q

= 1/2 and q = 2/3, the solution can be effectively achieved using the half thresholding algorithm [54]

and the half quadratic splitting method [8], respectively; for the case of q = 1, the problem can be

solved by using the shrinkage operator [7].

Proof. First, we define the objectives in Equation (14) and Equation (15) as д1 (S ) and д2 (S ),
respectively. Obviously, if Ŝ is the optimal solution of д2 (S ), it satisfies ∂д2 (Ŝ )/∂S = 0, where ∂ (·)
is the sub-gradient applied in optimization. For the optimization Equation (14), the ‖S ‖q term is

separable with respect to Si , that is to say, the elementwise thresholding operator S∗i = tγ1 (Ŝi )
in Refs [7], [54], and [8] is applied to each individual element; thus, the resulted S∗ satisfies

∂д1 (Ŝ )/∂S = 0. Consequently, S∗ is the optimal solution of Equation (14). �

With Lemma 2, a solution to S∗ can be obtained using a thresholding process, which is applied
often for solving lasso problems. Similar to Ref. [52], we give a brief proof for the Lemma. For the
rigorous proof, please refer to Ref. [14].

According to Lemma 2, we know that to solve subproblem S∗, Ŝ need to be solved first. With-
out the extra γ2

∑д
i=1 ‖ω

д
i ◦ SGi

‖2 term, a closed-form solution can be given by the Fast Gradient

Projection (FGP) method [3, 61]. However, in fact, a closed-form solution to Ŝ is not available. To
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solve this problem, Douglas-Rachford (DR) monotone operator splitting algorithm [10] is utilized

to iteratively solve Ŝ . First, we define

f1 (S ) = γ2

д∑

i=1

��ωi ◦ SGi
��2 +

1

2
‖S −Q ‖2F (16)

and

f2 (S ) = γ3

P∑

j=1

‖F (S j )‖TV (17)

Here, for any proper lower semi-continuous and convex function f , the proximity operators
proxf (·) gives the unique point proxf (x ) achieving the infimum of the function

z 	→ 1

2
‖x − z‖22 + f (z) (18)

For Equation (17), the proximity operator is

proxβf2
(S ) = arg min

z

1

2
‖S − z‖2F + βγ3

P∑

j=1

‖F (zj )‖TV , (19)

if we divide S = [S1, S2, . . . , Sp] ∈ Rmn×p and z = [z1, z2, . . . , zp] ∈ Rmn×p . Equation (19) can be
split into p sub-problems:

ẑj = arg min
zj

1

2
‖F (S j ) − F (zj )‖2F + βγ3

p∑

j=1

‖F (zj )‖TV , (20)

where each sub-problem can be solved by the FGP method [3]. After obtaining the solution of each
sub-problem, the variable proxβf (S ) can be updated by following equation:

proxβf (S ) = [F −1 (z1),F −1 (z2), . . . ,F −1 (zp )], (21)

where F −1 : Rm×n → Rmn×1 denotes the operator that reshapes the 2-D M × N matrix into the
vector of the jth column.

For Equation (16), the proximity operator is

proxβf1
(S ) = arg min

z

1

2
‖S − z‖2F + βγ2

д∑

i=1

��ωi ◦ zGi
��2 +

β

2
‖z −Q ‖2F

=
1

2

�����
z − S − βQ

1 − β
�����

2

F

+
βγ2

1 − β

д∑

i=1

��ωi ◦ zGi
��2

(22)

Equation (22) can be seemed as the Moreau-Yosida regularization [32] associated with the group
Lasso penalty. We use an efficient structured norm minimization method to solve this problem be-
cause its fast convergence rate, which is based on the Nesterov’s method and Euclidean projection.
The detail can be found in Ref. [31].

For any β > 0 and a sequence αt ∈ (0, 2), the DR iteration for Equation (15) is expressed as

Ŝ (j+1/2) = proxβf2
(Ŝ (j ) ) (23)

Ŝ (j+1) = Ŝ (j ) + α j (proxβf1
(2Ŝ (j+1/2) − Ŝ (j ) ) − Ŝ (j+1/2) ) (24)

Summarizing the aforementioned description, the solver of S is shown in Algorithm 2.
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ALGORITHM 1: Motion-Aware Structured Sparse-Lowrank Matrix Factorization

Require: mn × p matrix D, weight map ω, stopping criteria ε1, regularized parameters λ1, λ2, ρ,ν
Ensure: Foreground matrix S , background matrix L and residual matrix E

1: Initialize: L = S = E = 0,Y = 0, μ = 1.25
‖D ‖F ,k = 0

2: while not converged do

3: Update Lk+1 with other terms fixed via Equation (12)

4: Update Sk+1 via Algorithm 2)

5: Update Ek+1 with other terms fixed via Equation (10)

6: Update Yk+1 via Equation (25), μ = min (1.5μ, μmax )

7: Check the convergence conditions ‖D−Lk+1−Sk+1−Ek+1 ‖F
‖D ‖F ≤ ε1

8: end while

9: end

ALGORITHM 2: Solver of the S Subproblem

Require: Lk+1,Ek , λ1 > 0, ρ > 0, ν > 0, μ > 0, stopping criteria ε2 and observed matrix D

Ensure: Optimal solution Sk+1

1: Initialize: j = 0, Ŝ (0) = 0

2: while not converged do

3: Update Ŝ (j+1/2) via Equations (18)–(20):

Ŝ (j+1/2) ⇐ Proxβf2
(Ŝ (j ) )

4: Update Ŝ (j+1) via Equations (22)–(24):

Ŝ (j+1) ⇐ Ŝ (j ) + α j (Proxβf1
(2Ŝ (j+1/2) − Ŝ (j ) ) − Ŝ (j+1/2) )

5: Update j ⇐ j + 1

6: Check the convergence conditions:
‖ ˆS (j )−Ŝ (j−1) ‖F
‖D ‖F ≤ ε2 or j >maximal iteration number

7: end while

8: Update Ŝ ⇐ Ŝ (j+1/2)

9: Update Sk+1 ⇐ tγ1 (Ŝ )
10: end

3.3.3 Update Lagrange Multipliers. The Lagrange Multipliers are updated with the other terms
fixed

Y k+1 = Y k + μ (D − Lk+1 − Sk+1 − Ek+1) (25)

The convergence is guaranteed by the ALM-ADM. The details of ALM can be found in
Ref. [30]. To minimize the iteration error, the convergence criteria ε1 and ε2 are set to 10−7 and
10−5, respectively. A convergence analysis is presented in Section 4.4.

4 EXPERIMENTAL RESULTS

In this section, to illustrate the effectiveness of our method, extensive experiments were con-
ducted on the Background Models Challenge (BMC) dataset [47], I2R dataset [29], and Change
Detection.net (CDnet) dataset [16]. The parameter settings for all methods were identical to those
suggested by their authors. For fair comparison, only one set of parameters was permitted in
experiments.

As shown in Algorithm 1, the inputs are observed matrix D ∈ Rmn×p , weight map ω, stopping
criteria ε , and regularized parameters λ1, λ2, ρ, and ν . In the experiments, we set λ1 = 0.05

√
mn,

λ2 = 50
√
mn, ρ = 5, ν = 20. The sizes of cube and group are set as 5 × 5 × 2 and 5 × 5. According

to Ref. [61], we set the shrinkage parameter q = 1/2.
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Fig. 5. Comparisons of the proposed method with different regularization terms. Example frames of the
sequences are shown in the top row, while the ground truth images are shown in the second row, and the
third row depicts the results of PCP. The results of three variants of our method (MSMF-l1, MSMF-S, and
MSMF) and the recovered background are shown in the dotted box.

Fig. 6. Recall (a), Precision (b), and F-measure (c) comparisons of our method with different regularization
terms on the videos in Figure 5.

4.1 Effect of Separate Regularization Terms

4.1.1 Effect of Structured Constraint and Spatial Continuous Constraint. To reveal the effect of
each regularization terms, we tested three variants of the proposed method, namely MSMF-l1
(SMT + l1-norm), MSMF-S (SMT + Equation (5)), and MSMF (SMT + Equation (6)). Notice that
SMT is short for spatiotemporal motion trajectory. The original RPCA (PCP) [7] was also tested as
comparison. The videos in the BMC dataset include the challenges of dynamic background, cast
shadows, lighting changes, and intermittent motion. We experimented on nine videos from BMC
dataset [47] (Video_001-Video_009) and four dynamic background videos (Escalator, Bottle, Fall,
and Boat) from the UCSD [36] and CDnet datasets [16].

Figure 5 shows the results of the detected foreground from three variants of our method and
PCP. The results of PCP are disturbed by the dynamic background (see dynamic background videos
and the detected results in Figure 5(j)–(m)) and cannot detect the complete foreground. In the case
of the slow-moving scene (see Figure 5(b) and (d)), our methods have performed better compared
to PCP because of the introducing of the spatiotemporal motion prior. Compared to PCP, MSMF-
l1 increases recall but also produces more false positives. MSMF-S makes use of the structural
information of the objects, which achieves a higher recall and greatly reduces the false positives.
MSMF performs best in these methods, as the total variation regularization plays an important role
in dealing with the dynamic background scenes. In Figure 6, the results of qualitative analysis show
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Fig. 7. False positives comparisons of our method with different shrinkage parameter q. Left: False positives
of 50 frames with empty scene in Campus. Right: False positives of 50 frames with empty scene in Fountain.

Fig. 8. F-measure comparisons of our method with different shrinkage parameter q. Left: F-measure of 15
frames with moving object in Campus. Right: F-measure of 15 frames with moving object in Fountain.

that MSMF has achieved the highest F-measure. As a conclusion, combining spatiotemporal motion
trajectory and structural information can complement each other and achieve better detection
results.

4.1.2 Comparison of Lq (q = 1/2,q = 2/3,q = 1) Regularization. In the MSMF formulation, we
extended the l1 regularization to the lq domain (see Equation (6)). By choosing a proper lq-norm,
a sparser and exacter foreground can be extracted. To select an appropriate shrinkage parame-
ter q (0 < q ≤ 1), we conducted experiments of our method with different shrinkage parameter q
on two typical videos with dynamic background. Considering the time consumption and effect,
we considered the cases of q = 1/2, q = 2/3, and q = 1, which can be effectively solved using
the half thresholding algorithm, the half quadratic splitting method, and the shrinkage operator,
respectively

We tested MSMF with 50 empty frames (without moving objects) and 20 frames with moving
objects. Figure 7 shows the false positives (FP) of the two videos in empty scenes. As the scene
is empty, we can count the FPs caused by dynamic background. Among the three models, the
case of q = 1/2 achieves a smaller FP. As the F-measure comparisons shown in Figure 8, MSMF
with q = 1/2 performs best and gets a higher average F-measure score than the other two models.
It proves our method with q = 1/2 outperforms other shrinkage parameter (q = 2/3 and q = 1).
With the shrinkage parameter q = 1/2, our model is quite effective in dealing with complex scenes
especially under dynamic background. This inspired us to use l1/2 regularization to minimize the
variable values.

4.1.3 Effect of Spatiotemporal Motion Trajectory. In Table 1, we verified different ways of gener-
ating weight map and tested on the BMC dataset. The weight map is important since it introduces
more prior knowledge that the traditional matrix factorization model does not possess. Notice that
the equal weight denotes the whole weight map is a same constant; it can be seen as our method
without using the weight map. The result shows that the motion information greatly improves
the performance on recall, due to the motion information is complementary to the intensity-based
low-rank model. While the Gaussian mixture model uses only intensity information, so it doesn’t
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Table 1. Performance of MSMF on Different Weight Maps

Weight map Recall Precision F-Measure
Equal weight 0.765 0.821 0.792

GMM [62] 0.774 0.835 0.803
Optical flow [5] 0.882 0.739 0.804

SMT 0.907 0.911 0.909

work well. Compared to optical flow, spatiotemporal motion trajectory improves the precision
while achieving high recall.

4.2 Test on CDnet and I2R Datasets

(1) CDnet Dataset. To evaluate the performance of the proposed algorithm, we conducted exper-
iments on the real sequences from CDnet dataset [16]. CDnet dataset is considered as one of the
most difficult benchmarks, we first present a qualitative evaluation on Dynamic Background and
Bad Weather categories, then we compared the average F-measure performance of the proposed
algorithms and 13 state-of-the-art methods based on 8 challenging categories comprising Baseline,
Dynamic Background, Camera Jitter, Intermittent Object Motion, Thermal, Shadow, Bad Weather,
and Turbulence from the CDnet dataset.

Figure 9 shows the detected results on Dynamic Background and Bad Weather categories. There
are eight state-of-the-art methods involved into this experiment, namely GFL [52], L1/2 norm and
Spatial Continuity regularized Low-Rank approximation (SCLR-1/2) [61], DECOLOR [60], MoG-
RPCA [58], Probabilistic Robust Matrix Factorization (PRMF) [49], PCP [7], ViBe [2], and Improved
Adaptive Gaussian Mixture Model (GMM) [62]; they are effective in practice. The former six meth-
ods are RPCA-related methods. The latter two methods are state-of-the-art pixel-based background
modeling methods. The results were generated from the source codes released by original authors.
The biggest challenge of these videos comes from the intense dynamic background. Moreover, the
camouflage existing in the videos such as Boats is also hard to be detected, since the color of the
object is similar to the background. Due to the graph cut theory tending to cluster the regions
with similar colors, DEC fails to detect foreground while processing videos contain camouflage
(such as Boats). In addition, DEC, GFL, and SCLR-1/2 fail to detect foreground when dealing with
slow-moving objects (such as Canoe). By introducing the motion and structure information, the
proposed method can handle all challenges in these videos.

Moreover, additional comparisons are performed on the recently most competitive foreground
detection methods. For the state-of-the-art background modeling methods, we compared the
results of Sample-Based integrated Background Subtraction (SBBS) [48], Weight-Sample-based
method (WeSamBE) [26], Multimode Background Subtraction (MBS) [42], and Self-Balanced SEN-
sitivity SEgmenter (SuBSENSE) [44]. For the neural network-based methods, which are very pop-
ular recently, we compared the results of DeepBS [1], CascadeCNN [50] and BMN-BSN [39]. The
results of above methods were all collected from the web site of CDnet 2014. As shown in Table 2,
the average F-measure of our method is 0.8614, which is better than other methods. CascadeCNN
performs pretty well in all videos. However, notice that DeepBS, BMN-BSN, and CascadeCNN are
supervised methods that need to be pre-trained while other methods are the unsupervised models,
and the training data is usually difficult to get in practice. It is worth mentioning that our method
achieves good performance for all videos, not just one. Consequently, the proposed method is quite
effective in dealing with complex scenes especially under dynamic background.

Table 3 shows the average F-measure performance of the proposed algorithms and 13 state-
of-the-art methods (Contiguous Outliers Representation via Online Low-rank Approximation
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Fig. 9. Detected foreground results of ten videos from the CDnet dataset [16]. From the first column to the
last column are Boats, Canoe, Fall, Fountain01, Fountain02, Overpass, Blizzard, Skating, Snow Fall and Wet
Snow, respectively. (a) are the example frames of the sequences, and the ground truth images are shown in (b).
(c)-(l) are the results of our method, GFL [52]. SCLR-1/2 [61], DECOLOR [60], MoG-RPCA [58], PRMF [49],
PCP [7], ViBe [2] and GMM [62], respectively.

(COROLA) [43], DECOLOR [60], 3TD [40], DP-GMM [30], Robust Motion-Assisted Matrix Restora-
tion (RMAMR) [56], Pixel-based Adaptive Word Consensus Segmenter (PAWCS) [41], GFL [52],
Grassmannian Robust Adaptive Subspace Tracking Algorithm (GRASTA) [19], Grassmannian On-
line Subspace Updates with Structured-sparsity (GOSUS) [53], SRPCA [23], MSCL [22] and B-
SSSR [21]) based on eight challenging categories. The qualitative results of our method are shown
in Figures 10 and 11. In total, our method takes the second place while B-SSSR is the best. The
results demonstrate that our method has strong adaptability to different scenes, and the results
of the proposed method are close to the ground truth in qualitative evaluation. Combing the pro-
posed foreground model and spatiotemporal motion trajectory are effective in handling complex
scenes.

(2) I2R Dataset. To further evaluate the performance, we conducted experiments on the real
sequences from the I2R dataset [29]. I2R dataset is widely used as the benchmark in the task of
foreground and background separation. There are nine video sequences in the I2R dataset; they
are a variety of scenarios including static background (Curtain and Lobby), illumination changes
(Bootstrap, Hall, and Shopping Mall) and dynamic background (Campus, Escalator, Fountain, and
Water Surface). As shown in Figure 12, benefit from the introduction of spatial prior, the pro-
posed method, GFL, and SCLR-1/2 can eliminate most of the shadows in these sequences. DEC
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Table 2. Comparison of the F-measure of Recent Foreground Detection Methods on “Dynamic
Background” and “Bad Weather” Categories of CDnet Dataset

Method Boats Canoe Fall Fountain01 Fountain02 Overpass Blizzard Skating SnowFall WetSnow Average

SBBS 0.4921 0.9363 0.8774 0.7284 0.9334 0.9094 0.8133 0.9040 0.7926 0.4511 0.7838

WeSamBE 0.6401 0.6131 0.8138 0.7329 0.9434 0.7209 0.8584 0.8732 0.8979 0.8135 0.7907

MBS 0.9041 0.9345 0.5668 0.5235 0.9214 0.8990 0.8572 0.9223 0.8782 0.5341 0.7941

SuBSENSE 0.6932 0.7923 0.8661 0.7531 0.9441 0.8572 0.8510 0.9054 0.8937 0.7973 0.8354

DeepBS* 0.8121 0.9794 0.8294 0.7685 0.9254 0.9416 0.6115 0.9669 0.8648 0.8773 0.8577

BMN-BSN* 0.9473 0.8206 0.4463 0.0204 0.8160 0.7723 0.8395 0.9722 0.9041 0.8395 0.7378

CascadeCNN* 0.9824 0.9869 0.9637 0.9070 0.9699 0.9850 0.9474 0.9653 0.9519 0.9079 0.9567

MSMF 0.8171 0.9375 0.8918 0.5495 0.9479 0.9616 0.8722 0.9161 0.8794 0.8407 0.8614

(Best: Bold, Second Best: Underline).

* This algorithm is a supervised method trained on the groundtruth data.

Table 3. Comparison of the F-measure of Recent Most Competitive Foreground Detection Methods on
Eight Categories of CDnet Dataset

Categories COROLA DEC 3TD DP-GMM LSD RMAMR PAWCS GFL GRASTA GOSUS SRPCA MSCL B-SSSR MSMF

Baseline 0.85 0.92 0.88 0.92 0.92 0.89 0.94 0.83 0.66 0.90 0.82 0.87 0.97 0.94

Dynamic Background 0.86 0.70 0.75 0.81 0.71 0.82 0.89 0.74 0.35 0.79 0.84 0.85 0.95 0.85

Camera Jitter 0.82 0.77 0.72 0.74 0.78 0.75 0.81 0.78 0.43 0.82 0.78 0.83 0.93 0.92

Shadow 0.78 0.83 0.68 0.81 0.81 0.73 0.89 0.82 0.51 0.84 0.77 0.82 0.93 0.82

Thermal 0.80 0.70 0.78 0.81 0.75 0.75 0.83 0.76 0.42 0.80 0.79 0.80 0.86 0.89

Intermittent Object Motion 0.71 0.59 0.55 0.54 0.67 0.66 0.77 0.59 0.35 0.74 0.80 0.80 0.74 0.70

Bad Weather 0.78 0.76 0.79 0.82 0.79 0.70 0.81 0.76 0.68 0.77 0.75 0.83 0.92 0.87

Turbulence 0.69 0.63 0.68 N/A 0.70 N/A 0.64 0.70 0.72 0.78 N/A 0.80 0.87 0.89

Average 0.78 0.73 0.72 0.77 0.76 0.75 0.81 0.74 0.51 0.79 0.79 0.82 0.89 0.86

(Best: Bold, Second Best: Underline).

Fig. 10. Detected foreground results of the proposed method on the CDnet dataset [16]. From the first
row to the last row are office from Baseline, boats from Dynamic Background, badminton from Camera
Jitter, peopleInShade from Shadow, library from Thermal, winterDriveway from Intermittent Object Motion,
skating from Bad Weather, and turbulence2 from Turbulence, respectively.
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Fig. 11. Detected foreground results of 10 videos from the CDnet dataset [16].

Fig. 12. Detected foreground results of nine videos from I2R dataset [29]. From the first column to the
last column are Bootstrap, Campus, Curtain, Escalator, Fountain, Hall, Lobby, Shopping Mall, and Water
Surface, respectively. The example frames of the sequences are shown in (a), and the ground truth images
are shown in (b). The results of our method, GFL [52], are shown in (c)–(l)—SCLR-1/2 [61], DECOLOR [60],
MoG-RPCA [58], PRMF [49], PCP [7], ViBe [2], and GMM [62], respectively.
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Table 4. Comparison of the F-measure on I2R Dataset

Method Bootstrap Campus Curtain Escalator Fountain Hall Lobby ShoppingMall WaterSurface Average

TVRPCA 0.6900 0.7700 N/A 0.6600 0.8000 0.6900 0.7500 N/A 0.8800 0.7486

SSGoDec 0.3561 0.0903 0.4344 0.2751 0.2574 0.5713 0.3602 0.6554 0.4473 0.3830

Stauffer 0.3838 0.7570 0.7580 0.1388 0.6854 0.3335 0.6519 0.5363 0.7948 0.4842

PCP 0.6600 0.7200 0.7400 0.6500 0.5700 0.5900 0.7000 0.7200 0.4100 0.6400

DECOLOR 0.6589 0.3416 0.8700 0.7480 0.2075 0.8169 0.6460 0.6822 0.9022 0.6525

Maddalena 0.6019 0.6760 0.8178 0.5770 0.6554 0.5943 0.6489 0.6677 0.8247 0.6760

DP-GMM 0.6496 0.7876 0.8411 0.5522 0.7424 0.5675 0.6665 0.6733 0.9298 0.7122

LSD 0.5842 0.7613 0.8357 0.7214 0.8371 0.7222 0.7313 0.7362 0.8357 0.7594

DBSS 0.8645 0.8173 0.8565 0.8586 0.7842 0.7379 0.5838 0.8071 0.9282 0.8042

MSMF 0.7288 0.8627 0.9288 0.7987 0.8484 0.7435 0.7057 0.7740 0.9422 0.8150

(Best: Bold, Second Best: Underline).

tends to extract foreground objects and shadow areas together, which results in a large number of
false positives. PCP, PRMF, and MoG-RPCA can estimate most of the foreground. However, with-
out the structural information, these four methods failed to eliminate shadows. As to background
modeling methods, MoG detects many wrong regions where no foreground existed. ViBe pro-
duces similar results to the proposed method; however, the detected foreground pixels are partially
missing. Thanks to the temporal information incorporated into the spatiotemporal motion trajec-
tory, the proposed method can precisely extract foreground through the proposed model.

The results of the quantitative evaluations are shown in Table 4. Our method was compared
with the recently proposed 10 algorithms, namely TVRPCA [9], Li [29], SSGoDec [6], Stauffer [45],
PCP [7], DECOLOR [60], Maddalena [51], DP-GMM [30], Group Sparsity RPCA (LSD-RPCA) [33]
and Dynamic Block Structured Sparse (DBSS) [12], they are effective in practice. Since the Dy-
namic Super Pixel Structured Sparse (DSPSS) in Ref. [12] used superpixel as a pre-process, for
fair comparison, we only compared with DBSS in our experiment. In all videos that describe out-
door scenes, our method gets highest or second highest scores of F-measures. In the videos of
the indoor scenes, TVRPCA wins in Bootstrap and Lobby, and DECOLOR wins in Hall, while our
method takes the second or third places in these videos. This is because the feature of objects in
these scenes are not obvious in both motion domain and intensity domain. Overall, our method
achieves the best performance on the average and the DBSS takes the second place.

4.3 Convergence Analysis and Computational Complexity

In this section, we empirically analyze the convergence of the proposed algorithm on real data.
Three videos from the CDnet dataset are tested, including “office” from baseline, “boats” from
dynamic background, and “backdoor” from shadow. In each outer loop iteration, we compute the

iterative error R1 =
‖D−Lk+1−Sk+1−Ek+1 ‖F

‖D ‖F of Algorithm 1 and the relative change R2 =
‖ ˆS (j )−Ŝ (j−1) ‖F
‖D ‖F

of Algorithm 2. Note that the maximal iteration number of the Algorithm 2 is set to 1 in our
experiment because this is enough for R2 to eventually converge and guarantee the performance.
As shown in Figure 13, for most of the sequences, the values of R1 and R2 will be converged in
less than 25 iterations. For the computational complexity, we assume that the size of the observed
matrix is M × N . For the optimization method shown in Algorithm 1, each iteration consists of
four updating parts: L, S , E, and Y . The complexity of updating L involves SVD and the shrinkage
singular procedure. The complexity of exact SVD is O (4M2N + 8MN 2 + 9N 3), and the complexity
of shrinkage procedure is O (M + N ) r 2), where r is the rank of the matrix. For minimizing the
variable S , DR monotone operator splitting method is proceeded to solve the sparse constraint and
the spatial constraint alternately. The major computations of solving the foreground model are the
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Fig. 13. The convergence analysis of the proposed method on three real videos from CDnet dataset.

Euclidean Projection (EP) [31] and Fast Gradient Projection (FGP) [3], which costO ((k1 + k2) MN )
in all (k1 and k2 are the maximum iteration numbers of EP and FGP, respectively; we fixed them
to 10 in our experiments). Updating E and multiplier Y only require element-wise addition; the
computational cost is O (MN ). The step of extracting spatiotemporal motion trajectory involves
single Gaussian model and optical flow estimation, which can be computed in a time complexity of
O (Md ) (d is the parameter of optical flow and usually d << M). In conclusion, the computational
complexity of the proposed method is O (M2N +MN 2 + N 3).

Lastly, we report the running time of our method on a laptop with Intel Core i5-7300 2.50 GHz
and 8 GB RAM executing Matlab codes. Since RPCA-related methods are batch processing meth-
ods, we use the video of 633 frames with rcesolution 128×160 to test the computational cost: our
method spends 866 seconds for foreground detection, while DECOLOR costs 687 seconds and orig-
inal RPCA costs 462 seconds.

4.4 Limitations of the Method

A potential problem is that the method can wrongly absorb the partial shadow region of the moving
object into the foreground, since the spatiotemporal motion trajectory is based on grey value and
motion vector. Some pro-processes can be made to improve this, e.g., by introducing the superpixel
technique [12, 21] to determine more accurate groups.

5 CONCLUSION

In this article, we have systematically presented a novel sparse-lowrank matrix factorization
method to address a suite of challenges encountered in foreground detection work. A variant of a
structured sparsity-inducing norm has been used for modeling the foreground, while exploring its
properties of the structure and sparsity of the foreground. Then, the structured matrix factorization
is assisted by the spatiotemporal motion trajectory, which is determined by a cube-based proba-
bility model and temporal coherence measurement. Finally, the augmented Lagrange multiplier
method with alternating direction minimizing strategy and Douglas-Rachford monotone operator
splitting algorithm are utilized and extended to effectively solve the proposed model. Extensive ex-
perimental results on public datasets demonstrate the better performance of the proposed model
on foreground detection in complex scenes.
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