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Abstract

Extreme Support Vector Machine (ESVM), a variant of ELM, is a nonlinear SVM
algorithm based on regularized least squares optimization. In this paper, a regres-
sion algorithm, Extreme Support Vector Regression (ESVR), is proposed based on
ESVM. Experiments show that, ESVR has a better generalization ability than the
traditional ELM. Furthermore, ESVM can reach comparable accuracy as SVR and
LS-SVR, but has much faster learning speed.
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1 Introduction

Extreme Learning Machine (ELM) is a great successful algorithm for both
classification and regression. It has the good generalization ability at an ex-
tremely fast learning speed [1]. Moreover, ELM can overcome some challenging
issues that other machine learning algorithms face [1]. Some desirable advan-
tages can be found in ELM such as, extremely fast learning speed, less human
intervene and great computational scalability. The essence of ELM is that the
hidden layer parameters need not be tuned iteratively and the output weights
can be simply calculated by least square optimization [2,3]. Extreme Learning
Machine (ELM) has attracted a great number of researchers and engineers
[4–8] recently.

Extreme Support Vector Machine (ESVM), a kind of single hidden layer
feed forward network, has the same extremely fast learning speed, but it has
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a better generalization ability than ELM [9] on classification tasks. ESVM,
a special form of Regularization Network (RN) derived from Support Vector
Machine (SVM), has the same advantages as ELM such as, that hidden layer
parameter can be randomly generated [9]. Due to these ideal properties, many
researches have been conducted on ESVM [10–13]. In fact, ESVM is a variant
of ELM. However, ESVM in [9] cannot be applied to regression tasks.

In this paper, Extreme Support Vector Regression (ESVR) algorithm
was proposed for regression. Our ESVR algorithm is based on the ESVM
model and the essential of ELM for regression is utilized. Some comparison
experiments show that the ESVR algorithm has quite good generalization
ability and the learning speed of ESVR is quite large.

This paper is organized as follows. ELM and ESVM are briefly reviewed
in Section 2. The linear ESVR, nonlinear ESVR are proposed in Section 3.
Performances of ESVR compared with ELM, SVR and LS-SVR are verified
in Section 4.

2 Extreme Support Vector Machine

We here briefly introduce the basic concept of ELM and Extreme Support
Vector Machine (ESVM). ELM can reach not only the smallest training errors,
but also the best generalization ability [14]. ESVM is based on regularization
least squares in the feature space. The performance of ESVM is better than
ELM on classification tasks [9].

2.1 Extreme Learning Machine

ELM is a single hidden layer forward network (SLFNs). The parameters
of the hidden layer can be randomly generated, and need not be iteratively
tuned [2,3]. The least square optimization process tackles the output weight
vector [2,3]. Therefore, the learning speed of ELM is extremely fast. Moreover,
ELM has the unified algorithm to tackle classification and regression problems.

For N arbitrary distinct samples (xi, ti) ∈ (Rd × Rm), where xi is the
extracted feature vector, and ti is the target output. For the SLFNs, the
mathematical model with L hidden nodes is

L∑
i=1

βigi(xj) =
L∑
i=1

βiG(ai, bi,xj) = t̂j, j = 1, ...,N, (1)

where t̂j is the output of the SLFNs, and G(ai, bi,xj) is the hidden layer
feature mapping. According to [3], the hidden layer parameters (ai, bi) can be
randomly generated.

The goal of ELM is to approximate the expected targets by the above
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predicted targets. That is,

‖Hβ̂ − t‖ = min
β
‖Hβ − t‖, (2)

where

H =


G(a1, b1,x1) · · · G(aL, bL,x1)

...
. . .

...

G(a1, b1,xN) · · · G(aL, bL,xN)


N×L

, β =


βT1
...

βTL


L×m

,T =


tT1
...

tTN


N×m

.

Therefore, the least square method can be used to solve the above optimization
problem. That is to say, the output weight β can be obtained by the following
equation.

β̂ = H†T, (3)

where H† is the Moore-Penrose generalized inverse of matrix H [15].

From the above discussion, ELM can be implemented by the following
steps. First, randomly generate hidden node parameters (ai, bi), i = 1, ..., L,
where L is the parameter of ELM denoting the number of hidden nodes.
Second, calculate the hidden layer mapped feature matrix H as the above
equation. Third, calculate the output weight by the least square optimization.

2.2 Extreme Support Vector Machine

Instead of using kernels to represent data features by SVM, ESVM ex-
plicitly utilizes SLFNs to map the input data points into a feature space [9].
ESVM is a variant of ELM [16]. The essential of ESVM is a kind of regular-
ization network. Similar to ELM, ESVM has a number of advantages, such as,
fast learning speed, good generalization ability and fewer human intervene.

The model of ESVM can be obtained by replacing the inequality con-
straint in the traditional SVM with the equality constraint [9].

min
(w,r,y)∈Rñ+1+m

ν

2
‖y‖2 +

1

2

∥∥∥∥∥∥∥
w
r


∥∥∥∥∥∥∥

2

s.t. D(Φ(A)w− re) + y = e

(4)

In the above equation, Φ(x) : Rn → Rñ is the feature mapping function
in the hidden layer of SLFNs. y is the slack variable of the model. ν is the
tradeoff parameter between allowable errors and the minimization of weights,
and e is a vector of size m× 1 which is filled with 1s, where m is the number
of the samples. D is the diagonal matrix of the element of 1 or -1 denoting
the labels. A is the sample data matrix.
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After deduction, the solution of the model is simply equivalent to calcu-
lating the following expression according to [9]:

w

r

 = (
I

ν
+ EΦ

TEΦ)−1EΦ
TDe, (5)

where EΦ = [Φ(A),−e] ∈ Rm×(ñ+1).

ESVM can reach better generalization ability than ELM almost in all
classification tasks [9]. Due to the simple solution, ESVM can learn at an
extremely fast speed. Additionally, the activation functions can be explicitly
constructed. However, diagonal label matrix D must be constructed in the
above ESVM model and D must be with the element of 1 or -1 in the above
deduction, which means that the ESVM model cannot be applied to multi-
class classification or regression tasks directly.

3 Extreme Support Vector Regression

In this section, we will extend ESVM from classification tasks to regres-
sion tasks. The linear and nonlinear extreme support vector regression will be
proposed.

3.1 The Linear Extreme Support Vector Regression

Our model is derived from the formulation of ESVM. Similar to ESVM,
ESVR also replaces the inequality constraint of the ε-SV regression with the
equality constraint [17]. But different from ESVM, the diagonal target output
matrix need not be constructed. The model of ESVR is constructed as follows.

min
(w,r,y)∈Rñ+1+m

ν

2
‖y‖2 +

1

2
(wTw + r2)

s.t. Aw− re−T = y

, (6)

where T is the expected target output of the sample data matrix A.

We will provide the solution of the above ESVR model. If w, r have been
obtained, the test process is to calculate xTw− r to get the output target of
the sample. Nonlinear ESVR also will be supplied by introducing a nonlinear
feature mapping function in the following section.
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3.2 The Nonlinear Extreme Support Vector Regression

Nonlinear ESVR can be obtained by simply replace the original data
matrix A by the transformed matrix Φ(A).

min
(w,r,y)∈Rñ+1+m

ν

2
‖y‖2 +

1

2

∥∥∥∥∥∥∥
w
r


∥∥∥∥∥∥∥

2

s.t. Φ(A)w− re−T = y

(7)

After deduction, analytical solution can be obtained.

If m < ñ+ 1, we can obtain a simple analytical solution of w and r.w

r

 = EΦ
T s = EΦ

T (
I

ν
+ EΦEΦ

T )−1T (8)

If m > ñ+ 1, w

r

 = EΦ
T s = (

I

ν
+ EΦ

TEΦ)−1EΦ
TT (9)

,where EΦ = [Φ(A),−e] ∈ Rm×(ñ+1).

From the above discussion, the algorithm of ESVR can be explicitly
concluded as follows. Firstly,randomly generate hidden layer parameters and
choose an activation function. Φ(A) can be obtained. Secondly, construct the
matrix EΦ = [Φ(A),−e]. Thirdly, choose some positive parameters ν to cal-

culate

w

r

 by expression (8) or (9). When a new instance x comes, we can

use Φ(x)Tw− r to predict it.

3.3 The Essence of ESVR

Inspired by support vector theory in SVM, ESVR is an proximal algo-
rithm of SVR. Intuitively, we replace the inequality constraints in ε-SV regres-
sion with equality constraints. The following equation is the ε-SV regression
constraints formula [17,18].

Ti − 〈w, xi〉+ r ≤ ε+ yi
〈w, xi〉 − r − Ti ≤ ε+ y?i

yi, y
?
i ≥ 0

(10)
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Actually, the replacement is a proximal method and proximal decision plane
is obtained in the ESVR.

After deduction, the analytical solution of ESVR is quite similar to that
of ELM. Compared to the algorithm of ELM, ESVR is similar to regular-
ized ELM besides a biased term. However, the generalization performance of
ESVR is better than that of ELM, SVR and LS-SVR. The technique used in
ESVR is quite important for overcoming ill-pose problems and singular prob-
lems that traditional ELM may encounter [19]. Furthermore, ESVR has the
desirable features as that of ELM such as, fast learning speed, fewer human
intervene. From the computation view, ESVR is a variant of ELM. Such ran-
dom parameters are utilized in the ESVR. ESVR has the similar form of that
of regularized ELM.

4 Performance Verification

In this section, the performance of ESVR is compared with ELM, SVR
and LS-SVR on some benchmark regression problems data sets.

4.1 Experimental Conditions

All the simulations for ESVR, ELM, SVR and LS-SVR for regression
algorithms were carried out in MATLAB R2010a environment running in a
Xeon E7520, 1.87GHZ CPU. The codes used for ELM, SVR and LS-SVR were
downloaded from 1 , 2 , and 3 respectively.

In order to extensively verify the performance of ESVR, ELM, SVR and
LS-SVR, twelve data sets of different sizes and dimensions were downloaded
from UC Irvine Machine Learning Repository 4 or StatLib library 5 for sim-
ulation. These data sets can be divided into three categories according to
different sizes and feature dimensions. Baskball, Strike, Cloud, and Autoprice
are of small size and low dimensions. Pyrim, Housing, Bodyfat, and Cleve-
land are of small size and medium dimensions. Balloon, Quake, Space-ga, and
Abalone are of large size and low dimensions. Table 1 lists some features of
the regression data sets in our simulation.

In the experiments, three fold cross validation was conducted to select
parameters. The best parameters ν of ESVR, the cost factor C and kernel
parameter γ of SVR, LS-SVR were obtained from the candidate sequence

1 http://www.ntu.edu.sg/eee/icis/cv/egbhuang.html
2 http://asi.insarouen.fr/enseignants/ arakotom/toolbox/index.html
3 http://www.esat.kuleuven.be/sista/lssvmlab/
4 http://archieve.ics.uci.edu/ml/
5 http://lib.stat.cmu.edu/
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Table 1
Specification of regression problems

Datasets # Attributes # Training data # Testing data

Baskball 4 64 32

Cloud 9 72 36

Autoprice 9 106 53

Strike 6 416 209

Pyrim 27 49 25

Bodyfat 14 168 84

Cleveland 13 202 102

Housing 13 337 169

Balloon 2 1334 667

Quake 3 1452 726

Space-ga 6 2071 1036

Abalone 8 2784 1393

2−25, 2−24, ..., 223, 224, 225. The number of hidden layer nodes ñ in ESVR was
obtained from [10, 300] with step 10. The average performance of testing Root
Mean Square Errors (RMSE) was conducted as the evaluation metric to select
the best parameters. And all the data sets were normalized into [−1, 1] before
the regression process. The kernel function used in the experiments was the
RBF function. The activation function of ESVR was sigmoidal function.

4.2 Performance comparison on benchmark datasets

Comparisons of generalization performance between ESVR and ELM on
the above twelve different benchmark regression data sets were firstly car-
ried out. Nonlinear models with sigmoidal additive feature map function were
used for comparison. Ten round experiments of the same parameters were
conducted to obtain an average performance evaluation in each fold due to
randomly selecting parameters in the hidden layer. Figure 1 is the testing
RMSE of ESVR and ELM with different numbers of hidden nodes on six of
the twelve real world data sets.

Figure 1 shows the testing RMSE of ESVR is lower than that of ELM. We
can observe that the performance of ELM is varied greatly with the number
of hidden nodes as well. Moreover, the standard deviation of ELM is much
larger than that of ESVR. The result of the experiment reveals that the gen-
eralization of ESVR is better than that of ELM. Furthermore, ESVR is more
stable than ELM from Figure 1, because the slack variable added can make
our model more stable in the ESVR.

The second experiment was conducted to compare the performances of
ESVR, SVR and LS-SVR. In this experiment, performances of ESVR algo-
rithm were validated compared with SVR and LS-SVR. The same kernel func-
tion (RBF function) was used for SVR and LS-SVR. The activation function
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Figure 1. Testing RMSE of ESVR and ELM

of ESVR was sigmoidal function. Through three fold cross validation, the
best parameters (C, γ) or (ν, ñ) were obtained. Table 2 records parameters of
different models on different data sets.

Table 3 is the performance results of ESVR, SVR and LS-SVR. Training
time and testing RMSE were recoded as the learning speed and generalization
ability of the model separately. The best results for different data sets were
emphasized into bold face.

Table 3 shows that the testing RMSE of ESVR is the lowest in most of
the data sets. The training time of ESVR is much less than that of SVR and
LS-SVR especially in the large scale data instances. These results reveal that,
ESVR has comparable generalization ability than that of SVR and LS-SVR.
Furthermore, the average learning speed of ESVR can reach at least three
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Table 2
Parameters of ESVR, SVR and LS-SVR

Algorithms SVR LS-SVR ESVR

C γ C γ ν ñ

Baskball 210 22 20 22 24 250

Cloud 220 27 225 216 23 170

Autoprice 219 25 29 27 25 290

Strike 2−3 2−2 2−1 2−1 21 250

Pyrim 20 22 23 23 2−1 260

Bodyfat 26 23 29 27 22 300

Cleveland 222 213 222 225 2−5 240

Housing 26 21 26 23 27 280

Balloon 23 21 225 25 225 260

Quake 21 2−12 2−1 2−15 20 40

Space-ga 23 2−1 211 23 219 300

Abalone 2−1 2−1 22 22 29 150

Table 3
Performance comparisons of SVR, LS-SVR and ELM

Algorithms SVR LS-SVR ESVR

Testing RMSE Training Time(s) Testing RMSE Training Time(s) Testing RMSE Training Time(s)

Baskball 0.2567 0.1029 0.2568 0.0049 0.2521 0.0208

Cloud 0.1729 0.0774 0.1810 0.0065 0.1582 0.0115

Autoprice 0.1381 0.1328 0.1359 0.0072 0.1561 0.0365

Strike 0.1443 0.9707 0.1472 0.0541 0.1497 0.0641

Pyrim 0.2151 0.0336 0.2159 0.0051 0.2184 0.0240

Bodyfat 0.0514 0.0485 0.0502 0.0128 0.0506 0.0458

Cleveland 0.4267 0.2690 0.4333 0.0147 0.4279 0.0365

Housing 0.1469 0.7729 0.1458 0.0455 0.1409 0.0771

Balloon 0.0242 7.8253 0.0099 1.0798 0.0098 0.1932

Quake 0.3438 205.7426 0.3425 2.4292 0.3440 0.0146

Space-ga 0.0654 92.1705 0.0665 2.5293 0.0661 0.3677

Abalone 0.1519 250.4772 0.1486 9.6423 0.1510 0.1875

times of that of LS-SVR, and at least ten times of that of SVR on the above
real world benchmark data sets. The reason that ESVR is much faster is the
same as that why ELM has an extremely fast learning speed. The solution of
ESVR is an analytical equation. The learning process is simply to solve an
least square expression.

5 Conclusions

This paper studies the ESVM algorithm and proposes a new regression
algorithm ESVR. Similar to ESVM, ESVR is a new nonlinear SVM algorithm
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based on regularized least squares and it is also a variant of ELM algorithm.
ESVR not only can be used to regression tasks, but also can be applied to clas-
sification tasks. Performances of ESVR are compared with that of ELM, SVR
and LS-SVR. ESVR has a little better generation ability than ELM. Com-
pared to SVR and LS-SVR, ESVR has a comparable generalization ability,
but has the much faster learning speed.
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